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This paper investigates the three-dimensional stability of a horizontal flow sheared
horizontally, the hyperbolic tangent velocity profile, in a stably stratified fluid. In an
homogeneous fluid, the Squire theorem states that the most unstable perturbation is
two-dimensional. When the flow is stably stratified, this theorem does not apply and
we have performed a numerical study to investigate the three-dimensional stability
characteristics of the flow. When the Froude number, Fh , is varied from ∞ to 0.05, the
most unstable mode remains two-dimensional. However, the range of unstable vertical
wavenumbers widens proportionally to the inverse of the Froude number for Fh ≪ 1.
This means that the stronger the stratification, the smaller the vertical scales that can
be destabilized. This loss of selectivity of the two-dimensional mode in horizontal
shear flows stratified vertically may explain the layering observed numerically and
experimentally.

1. Introduction
Because of its importance in industrial and geophysical applications, the evolution
of shear flows has been much studied (Ho & Huerre 1984). The basic case of a flow in a
homogeneous fluid is well known. Squire’s theorem (Squire 1933) states that any threedimensional unstable mode is less unstable than two-dimensional modes, implying
that shear flows are dominated by two-dimensional instabilities. Necessary conditions
for their existence are given by Rayleigh’s inflection point criterion (Rayleigh 1887)
and Fjørtoft’s criterion (Fjørtoft 1950) on the basic velocity profile in the inviscid
case. Howard (1961) also showed that the temporal growth rate of two-dimensional
perturbations are confined inside a semi-circle in the complex plane.
Much attention has also been devoted to the situation of a vertical shear in a stably
stratified fluid. Miles (1961) and Howard (1961) established a suﬃcient condition
for stability as Ri > 1/4 with Ri = N 2 /S 2 , the Richardson number, where N is the
Brunt–Väisälä frequency and S the shear rate.
In contrast, the case of a non-vertical shear in a vertically stratified fluid has
been little addressed. Blumen (1970) extended the application of Howard’s semicircle
theorem for hydrostatic perturbations in a stratified fluid for an arbitrary orientation
of the shear.
However, the Squire theorem does not hold for such flows, meaning that it is
not at present known whether two-dimensional perturbations dominate the dynamics
of a stratified sheared flow. In order to address this question, we investigate the
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Figure 1. Sketch of the base flow. The hyperbolic-tangent velocity profile is horizontal with a
velocity in the x-direction sheared in the y-direction and uniform in the z-direction. The fluid
is stably stratified in the vertical z-direction.

three-dimensional linear stability of a purely horizontal mixing layer, the hyperbolictangent velocity profile, in a vertically stratified fluid.
The paper is organized as follows. In ğ 2.1, the governing equations as well as the
basic state are presented. In ğğ 2.2 and 2.3, we give the linearized equations and outline
the numerical method. Section 3 is devoted to the results for diﬀerent stratifications.
Concluding remarks follow in ğ 4.
2. Problem formulation
2.1. The governing equations and the basic state
The flow is assumed to be inviscid non-diﬀusive stably stratified and to satisfy the
Boussinesq approximation for the Euler equations:
1
Du
= − ∇p + bez ,
(2.1)
Dt
ρ0
∇ · u = 0,
(2.2)
Db
+ N 2 w = 0,
(2.3)
Dt
where u = (u, v, w) is the velocity vector in Cartesian coordinates, ρ0 a constant
reference density, p the pressure, b = −gρ ′ /ρ0 the buoyancy with ρ ′ the density
perturbation with respect to the
√ mean density ρ, g the gravity and ez the unit vector
in the upward z-direction. N = −g/ρ0 dρ/dz is the Brunt–Väisälä frequency assumed
here to be constant.
We investigate the stability of a purely horizontal flow, the hyperbolic-tangent
velocity profile whose shear is in the y-direction (figure 1):
y 
ex ,
(2.4)
U(y) = U (y) ex = U0 tanh
L
where U0 and L are, respectively, the velocity and length scales of the base flow and
ex is the unit vector in the x-direction.
In the following, length and time scales are non-dimensionalized such that L = 1
and U0 = 1. The basic state becomes U (y) = tanh y. For simplicity, the same notation
is kept for the dimensionless variables.
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2.2. Linearized equations
Since the basic state is uniform along the x- and z-axis, we consider infinitesimal
perturbations of the form
[ũ; p̃; b̃](x, y, z, t) = [u; p; b](y)exp(ikx x + ikz z + σ t) + c.c.,

(2.5)

where σ is the growth rate, kx and kz the wavenumbers along directions x and z, and
c.c. denotes the complex conjugate.
For unbounded velocity profiles, the boundary conditions correspond to vanishing
perturbations at infinity:
lim [u; p; b](y) = [0; 0; 0].

y→±∞

(2.6)

The linearized equations for the perturbation quantities can be written in terms of u,
v and b by eliminating the vertical velocity w and the pressure p:
 
 
u
u
v
(2.7)
= σB v ,
A
b
b
where
⎞
0
ikx {U (D2 − k 2 ) − D2 U } ikz D
⎜
0 ⎟
D2 U + kx2 U + DU D
A = ⎝ikx (DU+ U D)
⎠,
 2
2
ikx Fh
D Fh
kx kz U
⎛

⎛

0
k 2 − D2
⎝
B = −D
ikx
0
0

⎞
0
0 ⎠,
ikz

(2.8)

(2.9)

and where k 2 = kx2 + kz2 , D = d/dy and Fh = U0 /LN is the horizontal Froude number.
This matrix form is convenient for solving the problem numerically.
2.3. Numerical procedure
The three-dimensional stability of the hyperbolic-tangent profile is determined by
computing all the eigenvalues of the matrix operator (2.7).
Because the domain of study y ∈ ] − ∞, ∞[ is unbounded, an algebraic
transformation ỹ = y/ 1 + y 2 is first used to map the infinite interval of y to a
finite one ỹ ∈ ] − 1, 1[. The two operators A and B are then discretized using a
set of Q Chebyshev polynomials interpolated on Gauss–Lobatto collocation points.
The algebraic mapping in conjunction with the Chebyshev polynomials leads to the
so-called rational Chebyshev functions (Grosch & Orszag 1977; Boyd 2001).
The discretized version of the eigenvalue problem (2.7) is finally solved by calling
the eigensolver eig of Matlab. To eliminate the spurious modes which are not
physically relevant, two discretizations with diﬀerent numbers Q1 = 297 and Q2 = 369
of Chebyshev polynomials are used. We keep only the eigenvalues whose relative
variation between the two discretizations is less than 0.01.
3. Results
To describe the general properties of the stability problem, it is more convenient to
obtain a single equation for v from the linearized equations:





ikx
DU
Dv
D
−
+
1
v = 0,
(3.1)
D
s
k̃ 2
k̃ 2
where s = σ + ikx U and k̃ 2 = kx2 + Fh2 s 2 kz2 /(Fh2 s 2 + 1).
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Figure 2. Homogeneous fluid. (a) Growth rate σ of a two-dimensional disturbance as a
function of its wavenumber kx ; the results of Michalke (1964) are also plotted with 䉬.
(b) Contours of growth rate σ of a three-dimensional disturbance as a function of its horizontal
kx and vertical kz wavenumbers; 䉱 indicates the most unstable mode. The unstable domain is
bounded by neutral modes deduced from the Squire’s transformation and plotted as a dashed
line.

First, we can see that if σ is an eigenvalue of (3.1) for given wavenumbers (kx , kz ),
then it is also an eigenvalue for (kx , −kz ) while −σ is an eigenvalue for (−kx , kz ).
Therefore, positive kx and kz only can be studied without loss of generality.
When the fluid is homogeneous (Fh = ∞), we have k̃ 2 = k 2 so that equation (3.1)
reduces to the Rayleigh equation

ikx 2
D2 v −
(3.2)
D U + k 2 v = 0.
s
We see from equation (3.2) that the growth rate can be sought in the form
σ = kx f (k), where f (k) is a function of k = kx2 + kz2 only. This implies the wellknown Squire transformation (Schmid & Henningson 2001), i.e. the growth rate
and the eigenmode of a three-dimensional perturbation kz = 0 can be deduced
from that of a two-dimensional perturbation kz = 0. It implies also that any threedimensional disturbance with wavenumbers (kx , kz ) having a growth rate σ 3D has
a corresponding two-dimensional disturbance ( kx2 + kz2 , 0) with a larger growth
rate σ 2D = σ 3D kx2 + kz2 /kx . Since the hyperbolic tangent profile is neutral for
wavenumbers (kx = 1, kz = 0) the Squire theorem also implies that all perturbations
with kx2 + kz2 = 1 are neutral. In the homogeneous case, it is also possible to prove the
Rayleigh criterion from (3.2); a necessary condition of instability is that the velocity
profile U (y) has an inflection point, i.e. D2 U changes sign.
Figure 2(a) shows the growth rate of a two-dimensional disturbance as a function
of its horizontal wavenumber kx in the case of a homogeneous fluid. These results are
in agreement with those of Michalke (1964) (diamonds in figure 2a). In particular,
the growth rate is purely real with a maximum amplification, σmax = 0.1897, occurring
at kxmax = 0.4449. The relative error does not exceed 1Ğ except for the neutral mode
around kx = 1. This slight diﬀerence is due to the presence of a regular singularity at
y = 0 in the neutral eigenmodes at kx = 1. As our primary interest is the eﬀect of the
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stratification on unstable modes, we have made no provision for keeping track of these
singularities. The general case of a three-dimensional disturbance in a homogeneous
fluid has been computed directly and is presented in figure 2(b). The most unstable
mode is two-dimensional, in agreement with the Squire’s transformation. The unstable
domain in the (kx , kz )-plane is inside the neutral curve kx2 + kz2 = 1 (dashed line) in
agreement with the Squire transformation.
In the stratified case, the classical theorems are not valid. The Squire transformation
no longer applies for equation (3.1) in the case Fh = ∞ so that three-dimensional
modes may possibly be more unstable than two-dimensional modes. In the stratified
case, equation (3.1) shows that the Rayleigh inflection point criterion is only a
necessary condition for two-dimensional perturbation, but not for three-dimensional
perturbations. This leaves open the possibility for a horizontally sheared flow
without an inflection point to be unstable to three-dimensional modes, but such
a counter example to the Rayleigh criterion has not yet been found. In any case, the
three-dimensional stability properties cannot be inferred from the two-dimensional
results when the flow is stratified; they have to be computed numerically.
The task is slightly more involved than in the homogeneous case when Fh = ∞
because other regular singularities are present when s = ±i/Fh and s = ±ikx /(Fh k) in
addition to the singularity at s = 0. In non-dimensional form, these extra singularities
correspond to a Doppler shifted frequency iσ − kx U equal to the Brunt–Väisälä
frequency and to the frequency of internal gravity waves, respectively. Moreover, it
can be shown that the two solutions of equation (3.1) are analytic at the critical
point s = ±ikx /(Fh k), but only one solution is analytic at s = ±i/Fh . These additional
singularities might explain why the computations become diﬃcult and require higher
spatial resolution for small growth rates when the fluid is stratified.
Figure 3 is similar to figure 2(b), but in stratified cases. The figure shows the
growth rate contours in the (kx , kz )-plane for Froude numbers from Fh = 10 down to
Fh = 0.05. In all four cases, the most amplified mode remains two-dimensional as in the
homogeneous case. However, by paying attention to the vertical wavenumber range,
we see that the unstable domain expands towards extremely large kz as Fh decreases
making the unstable domain strongly anisotropic when Fh is small. Moreover, we see
that the contours in figures 3(b)–3(d) have the same shape and diﬀer only by their
vertical wavenumber range, suggesting a self-similarity law.
The growth rate for the most unstable streamwise wavenumber kxmax = 0.4449 are
plotted as a function of kz in figure 4(a) for diﬀerent stratifications Fh . The curve
of σ as a function of kz widens dramatically for small Fh . This implies that the
selectivity of the two-dimensional modes strongly decreases with Fh , meaning that a
broad range of vertical scales can develop in such a flow. For example, the growth
rate for Fh = 0.05 at kz = 10 is only 20% smaller than that for the two-dimensional
mode.
Figure 4(b) presents the same growth rate curve as figure 4(a), but plotted versus
Fh kz . As already anticipated from figure 3, the growth rate contours collapse when
represented as a function of Fh kz . The growth rates for Fh = 0.1 and Fh = 0.05 are
indiscernible. This self-similarity implies that the growth rate is a function of Fh kz
and not Fh and kz separately, i.e. σ (kx , kz , Fh ) = σ̃ (kx , Fh kz ) for Fh 6 1. This result is a
generic feature valid for any strongly stratified flow as shown by Billant & Chomaz
(2001).
For strong stratifications, this self-similarity may be proved for the neutral curve.
First, we can see in equation (3.1) that the modes along the kx = 0 axis remain neutral.
Moreover, for strong stratifications (Fh ≪ 1), we have at leading order k̃ 2 ≃ kx2 +Fh2 s 2 kz2 ,
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Figure 3. As figure 2(b), but in a stratified fluid. Increasing stratifications are presented:
(a) Fh = 10, (b) Fh = 1, (c) Fh = 0.1 and (d ) Fh = 0.05. The boundaries of the unstable domain
valid for strong stratifications (Fh ≪ 1) are also plotted as a dashed line for (b)–(d).

which is equivalent to the hydrostatic approximation. Following Blumen (1970), the
neutral modes (σ = 0) of equation (3.1) are then:
2

v = kx sechkx y,

(3.3)

where kx verifies the condition:
kx2 + (Fh kz )2 = 1.

(3.4)
kx2

kz2

+ = 1,
The latter condition is similar to the one valid in a homogeneous fluid
except that the vertical wavenumber has been rescaled by Fh . The boundaries of the
unstable domain are plotted with dashed lines in figures 3(b)–3(d).
4. Conclusion
We have investigated the three-dimensional instability of the hyperbolic
tangent velocity profile. In homogeneous fluid, the Squire theorem tells us that
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Figure 4. Growth rate as a function of (a) the vertical wavenumber kz and (b) the rescaled
vertical wavenumber Fh kz for the most unstable two-dimensional wavenumber kxmax = 0.4449.
Three stratifications are plotted; - - -, Fh = 1; −−−−, Fh = 0.1; 䉭, Fh = 0.05. The neutral modes
given by equation (3.4) for strong stratifications are also plotted with 䉲.

three-dimensional perturbations are always less unstable than two-dimensional ones.
When the shear is horizontal and the fluid is vertically stratified, the theorem does
not apply and we have determined numerically the three-dimensional stability of this
particular shear flow.
Five diﬀerent Froude numbers Fh have been studied, from a homogeneous fluid
to a strongly stratified fluid. In all cases, the most unstable mode remains twodimensional, but the stratification has been found to destabilize a broad range of
three-dimensional modes whose extent increases in inverse proportion to Fh . Both the
numerical results and an asymptotic analysis show that the unstable domain in the
(kx , kz )-plane becomes strongly anisotropic with a neutral boundary that is no longer a
circle kx2 + kz2 = 1 as in the homogeneous case, but an elongated ellipse kx2 + (Fh kz )2 = 1.
When Fh 6 1, numerical results show that the growth rate converges to a universal
curve σ (kx , kz , Fh ) = σ̃ (kx , Fh kz ) function of the rescaled vertical wavenumber Fh kz
rather than Fh and kz separately. This decrease of the characteristic vertical length
as Fh is in agreement with the self-similarity found by Billant & Chomaz (2001). In
practice, our analysis shows that all the three-dimensional modes with kz smaller than
1/Fh have a growth rate similar to the two-dimensional modes.
The selectivity of the two-dimensional instability is therefore dramatically decreased
when the stratification is increased. This property might explain the results of the
numerical simulations of Basak & Sarkar (2006) where a horizontal mixing layer is
initially perturbed by a large-amplitude noise. The flow evolves into pancake vortices
with a vertical correlation length scale that decreases with stratification. This vertical
scale selection is reminiscent of the increase of the width of the unstable vertical
wavenumber band predicted by the present stability analysis when Fh decreases.
Indeed three-dimensional perturbations with a wavenumber in the x-direction equal
to the most unstable two-dimensional wavenumber, but with a vertical wavenumber
kz scaling as 1/Fh , will grow as fast as the two-dimensional perturbation. Such a
perturbation will induce a vertical deformation of the shear layer out of phase every
half wavelength π/kz on the vertical and therefore leads to a roll-up resulting in a
pattern of vortices staggered on the vertical very similar to those observed in Basak
& Sarkar (2006).
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Figure 5. Similar to figure 4(b) for the Bickley jet U (y) = sech2 y. Growth rate as a function
of the rescaled vertical wavenumber Fh kz for the most unstable two-dimensional wavenumber
kxmax = 0.9021. Key as for figure 4. Only the leading mode, at present even in y, is considered.
The odd mode is not presented, but follows a similar trend.

The layering observed by Praud, Fincham & Sommeria (2005) in the early evolution
of the flow produced by towing a rake of vertical flat plates might result from a similar
destabilization of large vertical wavenumber for the primary instability of the sheared
flow and not from a secondary instability of the primary vortices.
Oceanic currents or atmospheric jets are configurations where horizontal shear is
observed (Pedlosky 1982) and the present analysis questions the frequent assumption
that such horizontal shear will be unstable to a two-dimensional (barotropic)
mode. Instead, we may imagine that the weak selectivity for the two-dimensional
mode demonstrated here for stratified flows will favour the formation of vertically
decorrelated layers of thickness proportional to Fh . This conjecture is confirmed by
the stability analysis of the Bickley jet. Figure 5 presents the instability growth rate
of this flow versus the rescaled vertical wavenumber at the horizontal wavenumber
corresponding to the most unstable two-dimensional mode (similar to figure 4b). The
instability growth rate converges toward a unique curve as a function of the rescaled
vertical wavenumber Fh kz in agreement with the proposed self-similarity.
It is interesting to contrast this case of a horizontal shear with the well-known
situation of a vertical shear in a stably stratified fluid. As recalled in ğ 1, strong
stratification stabilizes vertical shear flow since the associated Richardson number is
then larger than 1/4, whereas it destabilizes horizontal shear flow versus perturbations
with short vertical wavelength. This suggests that in most realistic situations, a shear
flow will be sensitive mainly to the horizontal component of the shear rather than to
the vertical one because of this opposing eﬀect of stratification.
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