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Accelerating particles to high energies in plasma wake�elds is considered to be a promising technique with
good energy ef�ciency and high gradient. While important progress has been made in plasma-based electron
acceleration, positron acceleration in plasma has been scarcely studied and a fully self-consistent and optimal
scenario has not yet been identi�ed. For high energy physics applications where an electron-positron collider
would be desired, the ability to accelerate positrons in plasma wake�elds is, however, paramount. Here we
show that the preservation of beam quality can be compromised in a plasma wake�eld loaded with a positron
beam, and a tradeoff between energy ef�ciency and beam quality needs to be found. For electron beams driving
linear plasma wake�elds, we have found that despite the transversely nonlinear focusing force induced by
positron beam loading, the bunch quickly evolves toward an equilibrium distribution with limited emittance
growth. Particle-in-cell simulations show that forµm-scale normalized emittance, the growth of uncorrelated
energy spread sets an important limit. Our results demonstrate that the linear or moderately nonlinear regimes
with Gaussian drivers provide a good tradeoff, achieving simultaneously energy-transfer ef�ciencies exceeding
30% and uncorrelated energy spread below 1%, while donut-shaped drivers in the nonlinear regime are more
appropriate to accelerate high-charge bunches at higher gradients, at the cost of a degraded tradeoff between
ef�ciency and beam quality.

DOI: 10.1103/PhysRevResearch.3.043063

I. INTRODUCTION

Particle accelerators based on radio-frequency technology
are being used in a very broad range of applications, from
free-electron lasers or medicine to particle colliders for high-
energy physics. For the latter, the limited accelerating gradient
of this technology renders the footprint and the cost for future
machines prohibitively expensive. Plasma-based acceleration,
driven by particle beams [1–4] or laser pulses [5,6], is a
potential candidate to considerably increase the accelerating
gradient and to provide ef�cient high-energy particle acceler-
ators. In the last decades, substantial progress has been made
in electron acceleration using plasma-based accelerators in the
nonlinear bubble or blowout regime [7–14], a regime that is
particularly well suited for high energy ef�ciency [15–17] and
whose �eld structure is ideal for beam quality preservation
[18]. However, for applications towards high-energy colliders,
it is imperative for plasma-based accelerators to be capable of
accelerating positrons. Because of the need for high luminos-
ity, positron beams must also be accelerated with high energy
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ef�ciency and have very small �nal normalized emittances,
on the order of 10 to 100 nm [19,20]. Moreover, the positron
beam energy spread needs to be kept below percent level so
that the beam can be focused to the interaction point by a �nal
focus system [21]. This requires keeping both the correlated
energy spread (different longitudinal slices having different
energies) and the uncorrelated (or slice) energy spread under
control. Finally, the acceleration process needs to be stable
and to reach full depletion of the driver.

The above criteria, namely energy ef�ciency, emittance,
energy spread, and stability, must be optimized simultane-
ously in a high-energy collider application. This is particularly
challenging in the case of plasma-based positron acceleration.
Experimentally, positron acceleration in plasma has been suc-
cessfully demonstrated for positrons at the rear of a single
drive bunch [22] with high energy ef�ciency [23], as well
as for distinct trailing positron bunches in both linear and
nonlinear regimes [24], but the question of beam quality and
emittance preservation was not addressed. Positron bunches
were also accelerated in hollow plasma channels [25,26],
however, the stability of the hollow plasma accelerator was
shown to be compromised by the presence of strong transverse
wake�elds [27] that lead to the beam breakup instability [28].
Novel laser-based positron sources have also been proposed
[29–31] and could potentially be used for the experimental
study of positron acceleration in plasmas.

New methods, such as the use of �nite-radius plasma
columns [32,33] or donut-shaped electron [34] and laser [35]
drivers, can be used to excite plasma wake�elds with an

2643-1564/2021/3(4)/043063(15) 043063-1 Published by the American Physical Society

https://orcid.org/0000-0002-4233-8232
https://orcid.org/0000-0003-0313-4496
https://orcid.org/0000-0001-7289-9228
https://orcid.org/0000-0002-4351-6619
https://orcid.org/0000-0002-5015-0387
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.3.043063&domain=pdf&date_stamp=2021-10-22
https://doi.org/10.1103/PhysRevResearch.3.043063
https://creativecommons.org/licenses/by/4.0/


C. S. HUEet al. PHYSICAL REVIEW RESEARCH3, 043063 (2021)

extended region that can be focusing and accelerating for
positrons. Such an extended region is usually obtained by the
creation of a long plasma electron �lament in the vicinity of
the propagation axis. Apart from the hollow plasma channel
accelerator, methods to accelerate positrons in plasma typi-
cally have in common the presence of an excess of plasma
electrons within the accelerated positron bunch. Such plasma
wake�elds can then be used to accelerate low-charge bunches
while preserving their quality, for example with weak beam
loading in the linear regime [36], but the energy ef�ciency
with weak beam loading is too low to be of interest for a
collider application. When increasing positron beam charge
and energy ef�ciency, positron beam loading becomes the
key challenge because of the quick response of the plasma
electrons to the positron load. This quick response can lead
to a transversely nonlinear focusing force that can potentially
drive emittance growth [37], as well as a transversely nonuni-
form accelerating �eld that can induce growth in uncorrelated
energy spread. The problem of positron beam loading in the
presence of plasma electrons within the bunch has similarities
to the physics of ion motion for electron acceleration in the
blowout regime [38–42] but is considerably more challenging,
as plasma electrons are much more mobile than ions. A �rst
insight into the physics of positron beam loading was reported
in the nonlinear regime [23], where beam loading allows the
�attening of Ez(� ) and induces a �lament of plasma electrons,
thereby reaching high energy ef�ciencies and providing focus-
ing to the accelerated positrons. There are also detailed studies
in the speci�c context of the �nite-radius plasma column
[33], and in the case of nonlinear and asymmetric plasma
wake�elds in hollow channels [43], where plasma electrons
from the channel wall cross the axis to provide focusing to the
positron beam.

In this paper, we focus on plasma wake�elds driven by
Gaussian or donut-shaped electron beams in uniform plasmas,
from the linear to the nonlinear regime. Positron beam load-
ing is shown to induce a tradeoff between energy ef�ciency
and beam quality, and forµm-scale normalized emittance,
an important limit arises from the growth of uncorrelated
energy spread driven by the transversely nonuniform acceler-
ating �eld associated with the strong positron load. In Sec.II ,
we illustrate the positron beam loading problem for linear
plasma wake�elds. SectionII A presents an analytical model
and simulation results for the energy-transfer ef�ciency in
three dimensions and shows that a mismatch in transverse
size of the wake�eld from the electron driver and the wake-
�eld from the positron bunch can considerably reduce the
energy ef�ciency. The latter suggests that higher ef�ciencies
can be obtained with linear plasma wake�elds for beam sizes
smaller than the plasma skin depth. In Sec.II B, the evolution
of the transverse phase space of the positron bunch is dis-
cussed, and it is shown that when starting from quasimatched
conditions, the beam evolves rapidly toward an equilibrium,
with limited emittance growth during this initial evolution
and emittance preservation afterwards. SectionII C discusses
the evolution of the longitudinal phase space of the positron
bunch and shows that the growth of slice energy spread can
pose serious limitations. In Sec.III , the blowout regime with
a donut-shaped electron driver is considered, where the donut
allows for an excess of plasma electrons to be present near

the propagation axis in the blowout cavity, thus providing
focusing to the positron bunch. The properties of the plasma
wake�elds and the induced slice energy spread for the accel-
erated positron beam are presented and discussed. SectionIV
presents a comparison of different regimes, considering simi-
lar initial positron beam parameters but optimizing the driver
separately for each speci�c regime (see Sec.IV A ) so that their
performance can be determined in terms of energy ef�ciency
and uncorrelated energy spread, illustrating the tradeoff be-
tween these two quantities (see Sec.IV B). Conclusions are
presented in Sec.V.

II. LINEAR PLASMA WAKEFIELDS

A. Energy-transfer efÞciency

The energy-transfer ef�ciency� is de�ned as the ratio of
energy gained by the trailing bunchWt,gain and energy lost by
the driverWd,loss,

� =
Wt,gain

Wd,loss
= Š

Qt �Ez� t

Qd�Ez� d
, (1)

with �Ez� t,d the longitudinal electric �eld averaged over par-
ticles in the bunch and over the propagation distance in the
plasma andQt,d the bunch charge. It represents the ef�ciency
in the transfer of energy from the drive to the trailing bunch
through the plasma and can also be thought of as the energy-
extraction ef�ciency from the plasma to the trailing bunch
(Wd,loss being the energy given to the plasma by the drive
bunch). Importantly, this energy-transfer ef�ciency� is a �g-
ure of merit of the wake�eld and does not take into account
the ratio betweenWd,loss and the total initial energy in the
drive bunch, which would represent the ef�ciency from drive
to plasma and would depend on the acceleration distance that
can be achieved. In the linear regime, beam loading can be
understood from the fact that the total wake�eld is simply
the superposition of drive and trailing plasma wake�elds, and
in one dimension one �nds for the energy-transfer ef�ciency
[44]:

� =
Nt

Nd

�
2 Š

Nt

Nd

�
, (2)

where Nt,d is the number of particles in each bunch, and
we have assumed that the drive and trailing particle charges
satisfy|qd| = | qt |, the drive-trailing bunch separation is�� =
� p/ 2 (mod � p) for qd = qt [respectively�� = � p (mod � p)
for qd = Š qt ], and either� dz = � tz (same drive and trailing
bunch lengths) or both bunches are short:kp� z � 1, with
kp = � p/ c and� p =

�
n0e2/ (me� 0) the plasma frequency for

a plasma of densityn0. The parabolic relationship in Eq. (2)
shows that the ef�ciency is maximized and equal to 1 when
Nt = Nd, that is in the case of perfectly destructive interfer-
ence between drive and trailing wake�elds corresponding to
a vanishing plasma wave behind the trailing bunch, when
all the energy in the plasma is extracted by the trailing
bunch.

In three dimensions, the energy-transfer ef�ciency not only
depends onNt,d but also on the size and shape of drive and
trailing plasma wake�elds. In particular, one cannot expect
to reach perfectly destructive interference (� = 1) if the size
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FIG. 1. Analytical (solid lines) and simulation (circles and
dashed lines) results for energy-transfer ef�ciencies in the 3D linear
regime, for large beams� r � 1/ kp (a) and small beams� r < 1/ kp

(b). The plasma density is set ton0 = 4× 1017 cmŠ3 and the peak
drive bunch density isnb = 0.042n0 for all simulations. The drive
bunch has� dr = 100µm and � dz = 4 µm in (a) and� dr = � dz =
2 µm in (b). The trailing bunch has a beam size� tr = 0.25� dr (blue),
� tr = 0.5 � dr (orange), or� tr = � dr (green), a bunch length� tz = � dz,
and its charge is varied according toNt /Nd. The simulated wake�elds
corresponding to the annotated points 1–3 are shown in Fig.2.

and shape of drive and trailing wake�elds differ. In general,
� will also depend on drive and trailing beam sizes (� dr
and � tr), bunch lengths (� dz and � tz), and on the plasma
skin depth 1/ kp. In the linear regime, analytical calculations
can be performed for separable bunch shapes, as shown in
Appendix A and Eq. (A8), and can be simpli�ed for large
(kp� r � 1) Gaussian bunches to

� =
Nt

Nd

� 2
dr

� 2
tr

�

� 4

1 + � 2
dr

� 2
tr

Š
Nt

Nd

�

� , (3)

under the same assumptions as Eq. (2), and also takes the
form of a parabolic relationship between� andNt /Nd, with
parameters now depending on beam sizes.

In Fig. 1, the analytical results of Eqs. (3) and (A8) are
compared to numerical simulations performed using the Open
Source quasistatic Particle-In-Cell (PIC) code QuickPIC
[45–47]. The plasma wake�eld generated by both bunches is
obtained from a single-step quasistatic simulation (no beam
evolution), and the energy-transfer ef�ciency is computed
from the simulated wake�eld by averagingEz over each bunch
[see Eq. (1)], showing good agreement with the analytical
results. Note that� could also be obtained from the particle
energy gain and loss by letting drive and trailing beams evolve
over a short distance in the simulations. For large beams,
kp� r � 1, the maximum ef�ciency [see Eq. (A14)] and the
corresponding value of the trailing charge [see Eq. (A15)]
both rapidly decrease when the trailing beam size is reduced
with respect to that of the driver [see Fig.1(a)]. This low
ef�ciency can be understood by the strong mismatch between

the size of the wake�elds of the drive and trailing bunches, as
can be seen in Fig.2(e). Indeed, in such a situation, the trailing
wake�eld can only overlap and cancel the drive wake�eld over
a small region of the drive wake�eld, leaving a large amount
of energy in the plasma wave behind the trailing bunch, thus
leading to low ef�ciency, with� max � 23% for � tr = 0.25� dr
in Fig. 1(a). In contrast to large beams, for which the size
of the wake�eld is determined by the size of the beam, the
wake�eld for small beams typically extends over a plasma
skin depth. As a result, a better overlap between drive and
trailing wake�elds is found for� tr �= � dr in the small-beam
case, leading to higher maximum ef�ciencies corresponding
to higher trailing charge, as seen in Fig.1(b), with � max �
74% for� tr = 0.25� dr.

Figure 2 shows simulated wake�elds (longitudinal and
transverse �elds) for a few cases of interest. For� tr = � dr, the
drive and trailing wake�elds have exactly the same extent and
shape, and it is therefore possible to approach� = 1 with near
cancellation of the wake�eld behind the trailing bunch [see
Figs. 2(a) and2(b)]. For the case of small beams and� tr =
0.25� dr, the wake�eld can still be signi�cantly weakened by
the trailing bunch at transverse positions|x| � � tr despite
different beam sizes and different wake�eld shapes for the
drive and trailing bunches. This is because the �elds extend
typically over a distance 1/ kp � � tr [see Figs.2(c) and2(d)],
thereby ensuring an ef�cient beam loading and high energy-
transfer ef�ciencies. For beams withkp� r � 1, the transverse
size of the wake�eld is determined by the transverse beam
size, and beam loading effects are localized within the trailing
beam cross section, which limits the energy-transfer ef�ciency
[see Figs.2(e)and2(f)].

As it is generally desired to accelerate low emittance
positron beams, especially for high energy physics applica-
tions, and given that the matched beam size for the trailing
bunch is very small at low emittance and high energy (see
Sec.II B), one can expect to have� tr � � dr. In this case, given
the results presented above, the best strategy for reaching high
energy-transfer ef�ciencies in the linear regime is therefore to
consider small beams and thus to work with a drive bunch
with kp� dr � 1. In addition, while a linear wake�eld can be
driven by the drive bunch and used for positron acceleration, a
matched positron bunch at low emittance and high energy can
have a density easily exceeding that of the plasma, resulting
in nonlinear beam loading (wake�eld superposition no longer
holds), which is nonlocal and acts on plasma electrons at
distances much larger than� tr, which is favorable for high
ef�ciencies.

B. Transverse phase space and equilibrium

While high energy ef�ciencies are desirable, it must be
achieved with high quality positron beams, and the accel-
eration process must preserve this quality. For the prospect
of a plasma-based high-energy collider with a luminosity
exceeding 1× 1034 cmŠ2sŠ1, a normalized emittance on the
order of 10 to 100 nm (in one transverse direction) is gen-
erally targeted, which represents a considerable challenge
for the acceleration of positron beams in plasmas. Emittance
preservation is possible in a transversely linear focusing force,
which is the case for the acceleration of a matched electron
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FIG. 2. Simulated wake�elds [Ez left column, e(Ey + cBx) right column] for the annotated points 1–3 in Fig.1. Point 1 [(a), (b)]
corresponds to the small beam case with near-100% ef�ciency (� tr = � dr), point 2 [(c), (d)] to the small beam case with maximum ef�ciency
for � tr = 0.25� dr, and point 3 [(e), (f)] to the large beam case with maximum ef�ciency for� tr = 0.25� dr. Dashed ellipses show the location
of drive and trailing bunches with the 1� contours of their bunch densities.

beam in the blowout regime in the absence of ion motion [18].
However, a transversely nonlinear focusing force, for example
in the case of ion motion for electron acceleration in the
blowout regime or plasma electron suck-in for positron ac-
celeration, can induce emittance growth [37,40]. In general, a
non-Gaussian transverse equilibrium can be quickly reached
by the beam, as is the case for a single decelerated beam
in a linear wake�eld [48], an electron beam in the blowout
regime with ion motion [40,41], or for a steplike focusing
force [32]. While the equilibrium for a single decelerated
beam has unusual and unwanted properties due to the ab-
sence of an external focusing �eld from a driver, such as
on-axis singularity and very large transverse tails [48], the
case of a trailing bunch in the focusing force from a driver has
much more favorable equilibrium distributions, as shown in
Ref. [41] for ion motion and Ref. [32] for the steplike focusing
force of the �nite-radius plasma column scheme. In particu-
lar, the emittance growth from an initially Gaussian-shaped
trailing bunch to the equilibrium can be limited to about 10
to 20% for ion motion [40,41] and to approximately 6% for
the steplike focusing force [32], and this emittance growth
can be further reduced or eliminated by head-to-tail bunch
shaping [41]. Although perfect emittance preservation is not
possible for an initially Gaussian trailing bunch, the minimum
emittance growth is obtained for a speci�c value of the beam
size, which is referred to as the quasimatched beam size.

Here, we study, by means of PIC simulations, the emit-
tance evolution of an initially Gaussian trailing positron bunch
in a quasilinear wake�eld from the driver, which exhibits a
transversely nonlinear focusing force. As we are interested
in reaching high energy ef�ciencies, the trailing positron

bunch can strongly load the wake�eld and thus substantially
modify the focusing force, and this positron beam loading can
be nonlinear ifnb/ n0 > 1 for the trailing bunch. To model
the potential emittance growth solely driven by the nonideal
properties of the wake�eld and most importantly by positron
beam loading, the driver evolution is turned off in the PIC sim-
ulations. By doing so, we do not consider other potential limits
such as driver and wake�eld stability over long propagation
distances, and we focus on the study of the evolution of the
trailing bunch towards an equilibrium. It was also checked in
simulation that the effect of ion motion can be neglected, with
differences in energy-transfer ef�ciency and emittance growth
below 0.1% for the most extreme conditions considered here,
so that it was possible to consider ions as immobile in our
simulation study. Figure3 shows the results of QuickPIC-
OpenSource simulations performed for the same drive beam
that excites a quasilinear wake�eld, varying the initial pa-
rameters of the trailing positron bunch. The initial emittance
of the trailing positron bunch is kept the same to 0.5 µm
in all simulations. Quasimatching is, as expected, critically
important, as can be observed in Fig.3(a) for a 1 GeV initial
trailing-bunch energy, where the emittance evolution is shown
for different initial trailing beam sizes� tr, that is for different
initial beta functions. Because of the nonlinear focusing force,
a mismatched beam undergoes substantial emittance growth
and quickly saturates after a few betatron periods, while
the quasimatched beam, with� tr = 1.0 µm and	 = 0.4 cm,
reaches the equilibrium state with only negligible emittance
growth.

Figure3(b) illustrates the emittance evolution for different
initial peak densitiesnb/ n0 of the trailing positron bunch
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FIG. 3. Evolution of the normalized transverse emittance of
the trailing positron bunch,
 n =

�
�x2�� p2

x� Š � xpx� 2/ mc, during its
propagation in the plasma. For all simulations, the plasma density
is set ton0 = 5× 1016 cmŠ3, the peak density of the electron drive
bunch isnb = 0.35n0, the drive beam size and bunch length are� dr =
14.5 µm and� dz = 16.7 µm, the drive beam evolution is turned off,
and the drive to trailing bunch separation is�� = 143µm. The
initial trailing positron bunch energy is 1 GeV in (a) and (b) and
100 GeV in (c). The matching condition is varied in (a), while the
trailing positron beam is quasimatched for increasing values ofnb/ n0

in (b) and (c). All initial trailing positron beam parameters and
corresponding values for ef�ciency and emittance growth are listed
in TableI.

by increasing its charge. Each simulation is optimized to
determine the quasimatched beam size and minimize emit-
tance growth. Interestingly, the results show that the emittance
growth of a quasimatched beam does not substantially in-
crease whennb/ n0 becomes larger than one (comparing
nb/ n0 = 0.25 andnb/ n0 = 2.5 with emittance growth of about
2%), that is when beam loading becomes nonlinear. These
results with few-percent emittance growth have a reasonable
sensitivity to the phase of the trailing bunch, accepting a jitter
in bunch separation�� of ± 0.05kŠ1

p without the need to
rematch the trailing bunch (see AppendixB).

To test much higher values ofnb/ n0, increasing further
the trailing charge completely overloads the wake�eld (with
part of the trailing bunch being decelerated), however, higher
values of nb/ n0 can be reached by increasing the trailing
beam energy, which reduces the quasimatched beam size and

increasesnb/ n0. In Fig. 3(c), the same emittance evolution
for increasing values ofnb/ n0 is shown but at a much higher
initial trailing bunch energy of 100 GeV, instead of 1 GeV
previously, corresponding to smaller quasimatched beam sizes
for similar trailing charges and energy ef�ciencies. Expressed
in the number of betatron periods, the propagation distance
required to reach the equilibrium is larger at higher values of
nb/ n0, as well as the emittance growth, which is 30% for the
largest simulated trailing bunch density,nb/ n0 = 250. Here, a
transition in the characteristic regime of the plasma electron
response to the positron beam occurs whenkb� tz becomes
larger than one, wherekb is the plasma wave number associ-
ated with the positron beam density [kb =

�
nbe2/ (me� 0)/ c].

This transition was discussed in the case of a trailing electron
beam [49], in which case a blowout is formed within the
bunch itself whenkb� tz � 1. In the case of a trailing positron
beam, plasma electrons are initially sucked in and will cross
the propagation axis within the bunch itself ifkb� tz � 1 or
even execute multiple oscillations ifkb� tz � 1. In contrast, for
kb� tz � 1, positron beam loading is not as severe as plasma
electrons are sucked in, thereby modifying the transverse
wake�eld, but do not cross the axis within the bunch. In the
simulations shown in Fig.3(c), kb� tz increases from 0.09 to
1.4 whennb/ n0 is increased from 1 to 250, explaining the dif-
ference in the qualitative evolution of the emittance discussed
above.

These results demonstrate that, for a driver exciting a
quasilinear wake�eld, the trailing positron bunch rapidly
evolves towards an equilibrium with limited emittance growth
during this initial evolution, and emittance preservation af-
terwards. Emittance growth is found to be negligible at the
few-percent level for linear and nonlinear positron beam load-
ing whenkb� tz � 1 and moderate for longer bunch lengths
and/or higher beam densities withkb� tz � 1.

C. Longitudinal phase space

High-quality beams have not only low transverse emit-
tances, that need to be preserved as discussed in Sec.II B,
but also low longitudinal emittances that characterize the area
occupied by the beam in the longitudinal phase space (LPS).
The longitudinal beam quality is most often discussed in terms
of total energy spread (including correlated and uncorrelated
components) and bunch length, rather than longitudinal emit-
tance.

One important challenge in plasma-based accelerators lies
in the large energy chirp that can be imprinted on the ac-
celerated bunch, due to the� -dependent longitudinal electric
�eld Ez, which leads to a large correlated energy spread.
This problem has been extensively studied and can be ad-
dressed by either �atteningEz (having a uniformEz along the
bunch) [15,17] or by using a mechanism to dechirp the beam
[36,50–57]. While the correlated energy spread can be com-
pensated, the uncorrelated component (or slice energy spread)
is an intrinsic feature of the beam that cannot be removed by
dechirping. Electron acceleration in the blowout regime and
in the absence of ion motion has the key advantage thatEz
is independent of the transverse coordinate, and therefore the
slice energy spread is not degraded during acceleration. This
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TABLE I. Initial trailing positron beam parameters and corresponding values of ef�ciency and emittance growth for simulations presented
in Fig. 3.

� tr (µm) 
 n (µm) 	 (cm) � tz (µm) nb/ n0 kb� tz E (GeV) � (%) �
 n (%)

0.7 0.5 0.20 2.14 1 0.09 1 0.30 27.6
0.8 0.5 0.26 2.14 1 0.09 1 0.39 11.6

Fig. 3(a) 1.0 0.5 0.40 2.14 1 0.09 1 0.61 1.74
1.6 0.5 1.02 2.14 1 0.09 1 1.55 55.4

1.01 0.5 0.41 2.14 0.25 0.045 1 0.16 1.74
Fig. 3(b) 1.00 0.5 0.40 2.14 2.5 0.14 1 1.52 2.64

0.80 0.5 0.26 2.14 25 0.45 1 9.15 5.83

0.327 0.5 4.28 2.14 1 0.09 100 0.07 2.73
Fig. 3(b) 0.288 0.5 3.33 2.14 25 0.45 100 1.63 3.67

0.189 0.5 1.43 2.14 250 1.4 100 5.24 30.0

property no longer holds when accounting for ion motion in
the blowout regime, and in the case of positron acceleration,
the presence of mobile plasma electrons within the accelerated
positron bunch induces a transversely nonuniform acceler-
ating �eld, contributing to an increase on the slice energy
spread. Because this degradation of the LPS via the slice
energy spread poses a more fundamental limit, we focus the
discussion on the uncorrelated energy spread, assuming that
the correlated energy spread can be compensated by other
means.

To better assess the growth of slice energy spread in an
accelerator stage, we normalize it to the energy gain and
de�ne the slice-energy-spread-to-gain ratio� (� ) as

� (� ) =
� E�nal (� )

�E�nal � (� ) Š Einit
, (4)

where� E�nal (� ) and�E�nal � (� ) are the absolute energy spread
and mean energy of slice� in the �nal state, and we have
assumed that all particles have an energyEinit in the initial
state. The slice energy spread can vary from head to tail of the
bunch and thus generally depends on the slice longitudinal
position � . Assuming a stable wake�eld,� (� ) can also be

calculated from the knowledge of the longitudinal wake�eld
Ez(x, y, � ) and of the bunch densitynb(x, y, � ):

� (� ) =
1

�Ez� (� )

	 

[Ez(x, y, � ) Š � Ez� (� )]2nbdxdy



nbdxdy

� 1/ 2

, (5)

with

�Ez� (� ) =



Ez(x, y, � )nbdxdy



nbdxdy

. (6)

Figure 4 illustrates how the beam LPS, after 23 cm of
acceleration in the quasilinear plasma wake�eld excited by
an electron drive bunch, and the longitudinal wake�eld map
of Ez, are modi�ed when increasing the peak density of the
trailing positron beam and thus the energy-transfer ef�ciency.
It is shown that at high beam density, positron beam loading
induces a transversely nonuniform accelerating �eldEz [see
Figs.4(d)–4(f)], especially at the rear of the bunch, leading to
an increase of the slice energy spread [see Figs.4(a)–4(c)],
with � (� ) approaching 1.5% at the rear of the bunch for
nb/ n0 = 50. The results show that the degradation of the LPS
via the uncorrelated energy spread can be severe, considering

FIG. 4. Simulated LPS of the accelerated trailing positron bunch [(a)–(c)] and corresponding longitudinal wake�eld map in the vicinity
of the positron bunch [Ez, (d)–(f)] for different initial peak densities:nb/ n0 = 6 [(a), (d)],nb/ n0 = 20 [(b), (e)] andnb/ n0 = 50 [(c), (f)]. The
slice-energy-spread-to-gain ratio� (� ) is represented as orange solid lines on each LPS distribution.� E is the difference between �nal and
initial energy. All plasma, drive, and trailing parameters are the same as for simulations in Fig.3(b), keeping the trailing beam size �xed at
� tr = 0.8µm and varying only the trailing charge andnb/ n0.
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FIG. 5. Loaded nonlinear plasma wake�eld driven by a hollow electron driver. The donut electron driver parameters areQd = 8.6 nC,
kpr0 = 1,kp� r = 0.39,kp� z = 0.7, and� 0 = 0. A Gaussian trailing positron bunch is located atkp� = Š 0.55 withQt = 189 pC,kp� r = 0.035,
andkp� z = 0.09. The plasma density is set ton0 = 5× 1016 cmŠ3. (a) Cross section of the donut driver bunch density in the (x, y) plane, (b) map
of the plasma electron density in the (� , x) plane, with dashed red lines showing the 1� contours of drive and trailing bunch densities and dashed
green lines showing the positron central slice and slices at 2� z from the center.

a 1% uncorrelated energy spread as an upper bound for the
acceptance of a collider �nal focus system [21]. While the
drive parameters are kept �xed here asnb/ n0 and � are
increased, it is possible to optimize the driver, thereby min-
imizing the uncorrelated energy spread at a given level of
ef�ciency � (see Sec.IV A ). Subsequently, the best perfor-
mance at each value of� can be determined, and the tradeoff
that exists between uncorrelated energy spread and energy-
transfer ef�ciency can be assessed (see Sec.IV B).

III. BLOWOUT REGIME USING A DONUT-SHAPED
ELECTRON BEAM DRIVER

The traditional blowout regime with uniform ion density is
known to provide ideal features for electron acceleration: high
acceleration gradient, transversely linear focusing force, and
uniform accelerating �eld. For positrons, this regime is not
favorable unless a uniform electron �lament is added inside
the blowout cavity, which provides focusing and minimizes
the slice energy spread. An electron �lament can be present
on the propagation axis in the blowout regime when using a
donut-shaped electron [34,58] or laser [35] driver. Here, we
focus on the donut electron beam driver and de�ne the bunch
density of the hollow electron driver as follows [34]:

nb(r, � ) = npeakexp
	
Š

(r Š r0)2

2� 2
r

Š
(� Š � 0)2

2� 2
z

�
, (7)

where the peak of the bunch density,npeak, is located at
(r0, � 0), off the propagation axis, andr0 and � r represent,
respectively, the radius and thickness of the donut ring. With
such a hollow structure for the electron driver, plasma elec-
trons with initial radii r > r0 are blown out similarly to the
case of a Gaussian-shaped driver, thereby generating a strong
wake�eld with high accelerating �elds, but inner plasma
electrons tend to be pushed inward [34]. This separation of
plasma-electron trajectories allows for the formation of a re-
gion with an excess of plasma electrons near the propagation
axis that can provide focusing for positrons. A cross section of

such a hollow electron driver, withkpr0 = 1 andkp� r = 0.39,
and the generated blowout structure with the trailing positron
bunch and the on-axis electron �lament, are shown in Fig.5.
The simulation was performed using QuickPIC-OpenSource.
The quality of the plasma electron uniformity near the prop-
agation axis, as experienced by the trailing positron bunch,
can be manipulated by driver optimization (see Sec.IV A ) and
by placing the positron bunch at the appropriate phase of the
accelerating �eld.

Similarly to the discussion in Sec.II C, we would like
to �nd an optimal situation minimizing the slice energy
spread across all bunch slices. According to Panofsky-Wenzel
theorem [59], � � Fr = � r Fz. Neglecting ion motion, the con-
tribution of ions, and blown-out electrons to the transverse
force is a simple� -independent and transversely linear term
kpr / 2, and thus the shape ofFr is mainly determined by the
plasma electron �lament source term. The best situation can
be expected when the plasma electron density is uniform on
axis and has the same dependence inr off axis for all longitu-
dinal slices. This can be reasonably achieved over the size of
a short and small positron bunch in unloaded or lightly loaded
cases. When the wake�eld is moderately or heavily loaded,
the positron bunch induces a strong response from plasma
electrons near the propagation axis, leading to nonuniformity
in their density, both radially and longitudinally, resulting in
sizable slice energy spread, especially near the bunch center.
Figure 6 shows the electron plasma density in the vicinity
of the positron bunch and the corresponding slice-energy-
spread-to-gain ratio� (� ), for the same simulation as the one
presented in Fig.5. The plasma density is uniform in� and
has a slow dependence inr at the head, that is, when the beam
loading is still weak. As a result, the slice energy spread is
low at the bunch head. Moving backward along the bunch, the
nonuniformity in the plasma density then increases and peaks
right after the bunch center and then drops slightly towards
the bunch tail. This behavior in plasma electron uniformity is
directly re�ected in the slice-energy-spread-to-gain ratio� (� )
of the positron bunch (see inset of upper plot in Fig.6). In
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FIG. 6. Plasma electron density in the vicinity of the positron
bunch with the same set of parameters given in Fig.5: map of np

in the (� , x) plane (up), on-axis value ofdnp/ d� (bottom left), and
transverse lineouts ofnp (bottom right) for different� slices (shown
as dashed lines in bottom left). The inset of the top plot shows
the slice-energy-spread-to-gain ratio� (� ) from Š2� z to 2� z of the
positron bunch.

order to maintain the slice-energy-spread-to-gain ratio below
the percent level, the trailing-to-drive bunch charge ratio as
well as the energy-transfer ef�ciency� remain low at the
few percent level. Continuing to increase the positron bunch
charge results in overloading the wake�eld and degrading the
beam quality. For the parameters of Figs.5 and6, the charge
ratio is 2.2%, the energy-transfer ef�ciency is 2.9%, and the
slice energy spread is at the percent level.

IV. UNCORRELATED ENERGY SPREAD
AND ENERGY EFFICIENCY

To determine optimal scenarios for positron acceleration
in different schemes and regimes, we focus on two �gures
of merit: the energy-transfer ef�ciency and the uncorre-
lated energy spread, as they can be important limits (see
Secs.II andIII ) for a high-energy collider application. While
we have considered so far the slice-energy-spread-to-gain ra-
tio � (� ), which depends on the slice� , we will use here a
single parameter� quantifying the longitudinal quality and
de�ned as

� =
1

�Ez�

	
1
Nb

�
[Ez(x, y, � ) Š � Ez� (� )]2nbdxdyd�

� 1/ 2

, (8)

with

�Ez� =
1
Nb

�
Ez(x, y, � )nbdxdyd� . (9)

This parameter� describes the ratio between the total energy
spread of the beam after removal of the chirp induced by
�Ez� (� ) and the energy gain, and will be referred to as the
uncorrelated-energy-spread-to-gain ratio from now on.

A. Driver optimization

For a given set of positron beam parameters, the driver,
and in particular its� r value, can be optimized in order to
minimize � . Here, we keep the drive beam charge constant
so that� is not being strongly modi�ed in this optimization.
Figure7(a)highlights the process of drive beam optimization
in the linear regime. All simulations were performed using
QuickPIC-OpenSource. Looking at the transverse dependence
of the longitudinal electric �eld,Ez vs x, and comparing the
unloaded (dashed line) to the loaded case (solid line), it is
found that beam loading can transversely �attenEz, thereby
minimizing the uncorrelated energy spread. This result is valid
when the �attening ofEz vs x is done for the central beam
slice, which has the largest effect on the overall beam quality.
At a given positron bunch charge, the �elds produced by a
speci�c drive bunch is either overloaded, �attened, or insuf�-
ciently loaded at the central bunch slice. For instance, a large
positron charge can quickly overload the �elds for drivers with
large� r . Therefore, optimizing the drive beam size allows the
transverse �attening ofEz which leads to an optimized� [see
inset of Fig.7(a)]; this optimization is required for each value
of the positron charge. When increasing the positron bunch
charge, drivers with smaller� r are required to maintain a
transversely �attenedEz and to keep� to a minimum.

This optimization, however, is ultimately limited if one
wants to remain in the linear regime, as the decrease of� r
eventually leads tonb > n0 for the driver. Here, we will refer
to the linear or quasilinear regime when the driver density sat-
is�es nb/ n0 � 0.5. Nevertheless, it can be interesting to leave
the linear regime and further decrease� r and increasenb with
a partial blowout forming, as long as a good performance is
achieved. This is the case in the moderately nonlinear regime
with nb/ n0 going up to 2, above which a complete blowout
structure is observed with a degraded longitudinal quality for
the accelerated positron bunch. In this moderately nonlinear
regime, characterized by a driver withnb/ n0 � 1–2 and a
normalized current
 = 2Ipeak/ IA = k2

p� 2
r nb/ n0 < 1 (nonrela-

tivistic response of plasma electrons [60], Ipeakbeing the driver
peak current andIA � 17 kA the Alfvén current), the drivers
are optimized the same way as in the linear regime, yet this
optimization only provides small changes in� . An additional
optimization in trailing positron bunch position is performed
to ensure that the positron bunch stays in a focusing �eld.

Figure7(b) shows a similar process for the donut regime.
On one hand, when the donut-shaped electron driver has a
large hollow region [i.e., with a small value of� r in Eq. (7)],
allowing an excessive amount of plasma electrons to enter
in the blowout cavity, it leads to nonuniform plasma electron
densities near the propagation axis. In addition, such a driver
is more susceptible to beam loading, as indicated in Fig.7(c),
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FIG. 7. The central-slice accelerating �eldEz as a function of the transverse coordinatex for the linear regime (a) and for the donut regime
(b), for different values ofkp� r for the driver, and for loaded (solid lines) and unloaded (dashed lines) cases. The insets in (a) and (b) show
the uncorrelated-energy-spread-to-gain ratio� . (c) Loaded accelerating �eld�Ez� t as a function of the positron beam chargeQt in the donut
regime, for drivers with different values ofkp� r . The plasma density isn0 = 5× 1016 cmŠ3 in all simulations.

showing the stronger reduction of the loaded accelerating �eld
with the trailing positron charge, for small values of� r . In
such a regime with the usual plasma electron sheath orbit-
ing around the blowout cavity and with the on-axis plasma
electron �lament, the positron beam load acts on both plasma
species. When decreasing� r and increasing the number of
on-axis plasma electrons, the relative contribution of the latter
in the beam loading process becomes more prominent, leading
to a stronger reduction ofEz when the positron charge is in-
creased [see Fig.7(c)]. On the other hand, a relatively uniform
on-axis plasma electron density is created by a driver with
a large value of� r , allowing a suf�cient number of plasma
electrons to enter the blowout cavity and to provide focus-
ing for the positron bunch, while at the same time keeping
nonuniformity in the plasma electron density in the vicinity
of the positron bunch at a low level. This results in a much
�atter Ez �eld (transversely) at large� r in both unloaded and
loaded cases [see Fig.7(b)] and in a lower uncorrelated energy
spread [see inset of Fig.7(b)]. However, the donut thickness
� r cannot be increased inde�nitely, as forkp� r � 0.4, the
plasma electron density on the propagation axis becomes in-
suf�cient to compensate for the background ions, resulting in
a defocusing �eld for the positron bunch.

B. Tradeoff � Š � for different regimes

Generally, the most straightforward way to increase the
energy-transfer ef�ciency� is to increase the trailing positron
charge in order to extract more energy from the plasma wake-
�eld. For electron acceleration in the blowout regime, apart
from limits associated with ion motion [38–42] and hosing in-
stability [61–63], this increase of charge and ef�ciency can be
done without compromising beam quality or even with an im-
proved total energy spread by �atteningEz longitudinally and
thus minimizing the energy chirp along the accelerated bunch
[15]. In the case of positron acceleration with plasma electrons
providing focusing �elds in the vicinity of the trailing bunch,
the situation is different and typically higher positron charge
and higher� comes at the cost of a degraded beam quality and
a higher uncorrelated-energy-spread-to-gain ratio� because of

the strong and fast response of those plasma electrons to the
positron load. As a result, there is a clear tradeoff between
high ef�ciency and low uncorrelated energy spread, and dif-
ferent regimes can perform differently in this manner.

As higher ef�ciency is achieved by stronger beam loading,
it directly impacts� . Yet, as discussed in Sec.IV A , as we
increase� by taking a higher positron charge, the plasma
wake�eld and its driver need to be re-optimized to provide
the lowest uncorrelated energy spread for this higher positron
charge and ef�ciency. This is especially important in the linear
regime, as the optimum for� is obtained by transverse �atten-
ing of Ez, which can be controlled by the driver beam size� r .

In order to make relevant comparisons between different
schemes, we keep similar parameters for the trailing positron
bunch, namely a beam size� r of around 1µm, and the same
bunch length,� z = 2.14 µm. The drive bunch length is also
kept �xed at � z = 16.7 µm, as well as the plasma density at
n0 = 5× 1016 cmŠ3. All parameters or parameter range used
in the simulations are summarized in TableII . The deter-
mination of � and� with single-step QuickPIC-OpenSource
simulations does not depend on the positron beam energy and
emittance, but given the positron beam sizes considered here,
quasimatching (see Sec.II B) would typically requireµm-
scale normalized emittance for a 1 GeV beam. Simulating
scenarios relevant to lower emittances and higher energies
require much smaller beam sizes and thus extremely high
resolution, which is beyond the scope of this paper.

The result of this comparison is presented in Fig.8(a),
where for each regime increasing values of� are obtained by
increasing the trailing positron chargeQt , and the optimiza-
tion described in Sec.IV A is performed to minimize� for
each individual data point. Figure8(a) thus provides a direct
representation of the tradeoff between� and � for different
regimes.

In the linear regime with a low drive beam charge of 38 pC
(referred to as “Linear low charge” in Fig.8), one �nds the
trailing positron charge and energy-transfer ef�ciency can be
increased to about 5 pC and 30%, while keeping� below
1%. Here, we will consider this 1% limit in� , shown as a
dashed line in Fig.8(a) as an upper bound for an acceptable
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TABLE II. Beam parameters or parameter range for the simulation results presented in Fig.8. The plasma density isn0 = 5× 1016 cmŠ3

for all simulations, andkpr0 = 1 for “Donut driver” simulations. In all regimes, for a trailing positron beam with an initial energyE = 1 GeV,
quasimatched conditions generally correspond toµm-scale normalized emittances.

Linear low charge Linear high charge Moderately nonlinear Donut driver

Driver Trailing Driver Trailing Driver Trailing Driver Trailing

� r (µm) 6.09–19.27 1.19 12.19–14.56 1.19 6.28–8.22 1.19 9.4 0.85
� z (µm) 16.7 2.14 16.7 2.14 16.7 2.14 16.7 2.14
nb/ n0 0.05–0.5 0.25–15.5 0.35–0.5 1–75 1.1–1.88 25–70 2.97 35–15 000
kp� 0 Š6.2 0 Š6.2 0 Š6.25 –Š5.90 0 Š0.55

uncorrelated energy spread in view of the requirements of a
�nal focus system [21]. Because of the small drive charge,
it is possible to keep decreasing the driver beam size� r asQt
and� are increased and to continue to excite a linear wake�eld
with nb/ n0 � 0.5 for the driver. However, with such low drive
charge, the loaded accelerating �eld only slightly exceeds
1 GV mŠ1 [see Fig.8(b)], and the accelerated positron charge
is only 5 pC.

FIG. 8. (a) Uncorrelated-energy-spread-to-gain ratio� vs
energy-transfer ef�ciency� for different regimes of positron
acceleration. The dashed black line depicts the constraint� � 1%
explained in the text. For each regime, the different data points are
obtained by increasingQt and optimizing the driver to minimize
� . (b) Loaded accelerating �eldEz vs trailing positron chargeQt

for the same data points as in (a). Beam and plasma parameters or
parameter range for these simulation results can be found in TableII .

One can naturally seek to accelerate higher trailing
positron charges at higher �elds by increasing the drive beam
charge. Considering the linear regime again but with a higher
drive beam charge of 152 pC (referred to as “Linear high
charge” in Fig.8), and repeating the same optimization pro-
cess, one �nds that the limit ofnb/ n0 � 0.5 for the driver
to continue to excite linear wake�elds prevents any further
optimization or decrease of the drive beam size� r beyond the
�rst two “Linear high charge” data points in Fig.8. Because of
this lack of optimization,� quickly increases for the following
data points with higherQt and� . Using the same constraint
� � 1% as before,Qt and � are limited to about 10 pC and
20%, while the loaded accelerating �eldEz reaches 3 GVmŠ1.

In fact, we can continue to decrease the drive beam size� r
despite leaving the linear regime, as long as the acceleration
performance is satisfactory, which is found to be the case
in the moderately nonlinear regime characterized bynb/ n0 �
1–2 and
 < 1 and introduced in Sec.IV A . In Fig.8, the data
points for the moderately nonlinear regime share the same
drive charge of 152 pC as the “Linear high charge” case, but
the smaller value of� r being used for the driver makes it
possible to considerably improve the transverse uniformity of
Ez, resulting in lower� . Figure8 shows that in the moder-
ately nonlinear regime we can achieve� � 1% with trailing
positron charge and energy-transfer ef�ciency of up to 25 pC
and 40% and an accelerating �eld ofEz � 5 GV mŠ1.

Finally, if one aims for even higher accelerating �eld
and higher positron charge, Fig.8 shows that the nonlinear
blowout regime with a donut-shaped electron driver is the best
suited, at the cost of a degraded tradeoff between� and� . This
regime is indeed compatible with much higher drive charge
(Qd = 8.6 nC for the “Donut driver” data points in Fig.8),
and thus higherEz and Qt , typically one to two orders of
magnitude higher than in the previous cases. However, above
5% energy-transfer ef�ciency,� degrades beyond 1%, so the
donut regime can be used for high �elds and high trailing
charges with a compromise on either an energy-transfer ef�-
ciency limited to the few-percent range or on an uncorrelated
energy spread exceeding the percent level.

V. CONCLUSION

Our results show the importance of beam loading in
plasma-based positron acceleration, whose properties differ
signi�cantly from beam loading for electron acceleration
in the blowout regime. Indeed, when plasma electrons are
present in the vicinity of the accelerated positron bunch to
provide focusing �elds, positron beam loading can then alter
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the focusing properties of the plasma wake�eld as well as the
transverse uniformity of the accelerating �eld because of the
strong and fast response of those plasma electrons. Yet, beam
loading is a prerequisite for good energy-transfer ef�ciency,
which is highly desirable for a high energy physics applica-
tion. The results presented in the previous section show that
one needs to make a compromise between the uncorrelated
energy spread described by the parameter� and the energy-
transfer ef�ciency� .

In the linear regime, we have found that while generally
the positron bunch quickly evolves towards an equilibrium
with limited emittance growth, the uncorrelated energy spread
can set an important limit. To maximize the energy-transfer
ef�ciency in the linear regime, both the electron driver and
the trailing positron bunch should have small beam sizes,
kp� r < 1, to avoid leaving energy in the plasma wave by poor
matching of the transverse size of the drive and trailing plasma
wake�elds. Interestingly, driving a linear plasma wake�eld
with a Gaussian-shaped electron driver withnb/ n0 < 1 and
extracting its energy with nonlinear beam loading by a trailing
positron bunch withnb/ n0 > 1 is fully relevant and provides
good performance with� going up to 30% while keeping
� � 1%. The limited positron charge and accelerating �eld of
the linear regime can be increased in the moderately nonlinear
regime, with� going up to 40% for� � 1%. The nonlinear
blowout regime driven by a donut-shaped electron driver is
found to allow acceleration of a much higher positron charge
at much higher accelerating gradients, but the energy-transfer
ef�ciency needs to be kept at the few-percent level to ful�ll
� � 1%.

Further research will aim at extending the results to lower
emittances, asymmetric beams, and higher energies that are
relevant in the route towards a plasma-based collider design
and to provide systematic comparisons of existing positron ac-
celeration regimes. It is important to note that ae+ eŠ collider
does not necessarily require the same performance for elec-
trons and positrons, and in particular for a plasma-based col-
lider, the requirements for positrons could be not as stringent
as those for electrons and thus may be somewhat lowered in
comparison to the parameters of linear collider designs based
on RF accelerators [19,20]. Given the challenges of positron
acceleration in plasmas, having asymmetrical requirements
for electrons and positrons could be crucially important to-
wards realistic designs of plasma-based colliders [64].
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APPENDIX A: ENERGY-TRANSFER EFFICIENCY IN
THREE-DIMENSIONAL LINEAR PLASMA WAKEFIELDS

In a two-bunch acceleration scheme, energy is transferred
from the driver to the plasma wave, and the trailing bunch
takes the energy from the plasma wave excited by the driver.
Apart from energy-transfer ef�ciency calculated using the
particle point of view shown in Eq. (1), the ef�ciency can
also be obtained by calculating the energy in the plasma waves
generated by the drive and trailing bunches:

� = 1 Š



E2

z0,totd
2r 	 +



E2

r0,totd
2r 	


E2
z0,dd2r 	 +



E2

r0,dd2r 	
, (A1)

where Ez0,d and Er0,d are the amplitudes of thez and r
components of the electric �eld of the drive beam plasma
wave,Ez0,tot andEr0,tot are the amplitudes for the total plasma
wave from both beams, and the integral is performed over the
transverse coordinates. Importantly, these amplitudes need to
be evaluated in the wake of the beams.

In the linear regime, the longitudinal and radial compo-
nents of the electric �eld for the plasma wave excited by a
particle beam with cylindrical symmetry can be written as
[65]:

Ez(r, � ) =
qk2

p

� 0

� +


0
r �dr�K0(kpr> )I0(kpr< )

×
� +


�
d� �nb(r �, � � ) coskp(� Š � � ), (A2)

Er (r, � ) = Š
qkp

� 0

� +


0
r �dr�K1(kpr> )I1(kpr< )

×
� +


�
d� � � nb(r �, � � )

� r �
sinkp(� Š � � ), (A3)

wherenb(r, � ) is the bunch density,q is the particle charge,
r< is the smaller ofr andr �, andr> the larger.In andKn are
thenth order modi�ed Bessel functions of the �rst and second
kind, respectively.

1. EfÞciency for separable beams

When the beam density is mathematically separable in the
coordinatesr and � , that is nb(r, � ) = NR (r )Z (� ) with N
the number of particles in the beam,Ez(r, � ) and Er (r, � )
can also be written in separable forms. We use the following
convention forR andZ :

� +


0
2� rdrR (r ) = 1,

� +


Š

d� Z (� ) = 1, (A4)

for which the condition



nbd3r = N is satis�ed. In this case,
Ez(r, � ) andEr (r, � ) can be written as:

Ez(r, � ) =
Nqk2

p

� 0
L z(� )Tz(r ),

Er (r, � ) = Š
Nqk2

p

� 0
L r (� )Tr (r ), (A5)
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with

L z(� ) =
� 


�
d� �Z (� � ) coskp(� Š � � ),

L r (� ) =
� 


�
d� �Z (� � ) sinkp(� Š � � ),

Tz(r ) =
� 


0
r �dr�K0(kpr> )I0(kpr< )R (r � ),

Tr (r ) =
1
kp

� 


0
r �dr�K1(kpr> )I1(kpr< )

� R (r � )
� r �

, (A6)

whereL z,r describes the longitudinal shape and only depends
on� , andTz,r describes the transverse shape and only depends
on r . L z,r andTz,r are all dimensionless functions.

In Eq. (A1), we need the amplitude of the �elds in the
wake of the beams, which can be mathematically evaluated
in the limit � � Š
 when beams have �nite lengths. In this
limit, both L z andL r are sinusoidal functions of� , which are
90 degrees out of phase with each other but share the same
maximum, which we will simply denote asL in the following.
We have for this longitudinal factorL :

L = max
�

� +


Š

d� �Z (� � ) coskp(� Š � � )

= max
�

	
Re

� +


Š

d� �Z (� � )eikp(� Š � � )

�

= max
�

	
Reeikp�

� +


Š

d� �Z (� � )eŠikp� �

�

= | Z̃ (k = kp)|, (A7)

whereZ̃ is the Fourier transform ofZ :

Z̃ (k) =
� +


Š

dxZ (x)eŠikx.

In particular, for short bunches withkp� z � 1, L � 1. Using
Eqs. (A1), (A5), and (A6), and under the same assumptions
as in Eq. (2) for the drive-trailing bunch separation�� and
particle chargesqd = ± qt , the ef�ciency for separable beams
in the 3D linear regime can be calculated and reads:

� = 2
Nt L t

NdL d



rdr (Tz,dTz,t + Tr,dTr,t )


rdr


T 2

z,d + T 2
r,d

�

Š
�

Nt L t

NdL d

� 2



rdr


T 2

z,t + T 2
r,t

�



rdr



T 2

z,d + T 2
r,d

� , (A8)

where the subscriptsd and t specify driver and trailing for
each quantity.

2. EfÞciency for 3D Gaussian beams

The beam density for a 3D Gaussian beam writes as:

nb(r, � ) =
N



2�

3
� 2

r � z

exp
�

Š
r2

2� 2
r

�
exp

�
Š

� 2

2� 2
z

�
. (A9)

It is a particular case of a separable beam with:

R (r ) =
1

2� � 2
r

exp
�

Š
r2

2� 2
r

�
,

Z (� ) =
1



2� � z

exp
�

Š
� 2

2� 2
z

�
. (A10)

The functionsTz andTr are given by Eq. (A6); the longitudi-
nal factorL simpli�es to:

L = exp
�

Š
k2

p� 2
z

2

�
, (A11)

and the energy-transfer ef�ciency can be calculated using
Eq. (A8).

When the beam transverse size is far larger than the plasma
skin depth,� r � 1/ kp, the functionTz approximately takes
a Gaussian shapeTz � exp (Šr2/ 2� 2

r )/� 2
r , and Tr � Tz.

When both drive and trailing bunches satisfykp� r � 1, the
expression for� can be simpli�ed using the asymptotic ap-
proximation for the transverse shape and reads:

� =
Nt L t

NdL d

� 2
dr

� 2
tr

�

� 4

1 + � 2
dr

� 2
tr

Š
Nt L t

NdL d

�

� . (A12)

FIG. 9. Up: a scan of the positron phase and corresponding emit-
tance growth, for a constant	 . Bottom: scans of beam beta function
and corresponding emittance growth for three different phases. Other
beam parameters are given in TableI (sixth row), and the plasma
density isn0 = 5× 1016 cmŠ3.
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For either short bunches (kp� z � 1 andL � 1) or for equal
bunch length (� dz = � tz and thusL d = L t ), we �nally obtain
Eq. (3):

� =
Nt

Nd

� 2
dr

� 2
tr

�

� 4

1 + � 2
dr

� 2
tr

Š
Nt

Nd

�

� . (A13)

In this case,� is maximum for the following values:

� max =
� 2

dr

� 2
tr

�

� 2

1 + � 2
dr

� 2
tr

�

�

2

, (A14)

�
Nt

Nd

�

max
=

2

1 + � 2
dr

� 2
tr

. (A15)

APPENDIX B: EMITTANCE SENSITIVITY
TO PHASE SHIFT

The phase of the positron beam in the wake�eld is deter-
mined by the separation distance�� between the centers of
the electron drive and positron trailing beams, and below we
refer to the value of�� when discussing phase shifts. The
transverse quality of the beam can be affected by a change

in phase due to the sinusoidal dependence of the focusing
forceFr on � in the linear regime. To study the effect of phase
shift on beam emittance growth, we start with the simulation
corresponding to the sixth row of TableI with a plasma density
n0 = 5× 1016 cmŠ3 and then shift the phase of the positron
beam and record the emittance growth at each phase. Without
rematching the beam beta function, the results of this phase
scan are shown in the top of Fig.9. The emittance growth can
be kept within 2 to 3% when the bunch separation�� varies
by ± 0.05kŠ1

p around the optimum. However, for a large phase
shift of ± 0.2kŠ1

p , the emittance growth exceeds the 10% level.
This larger emittance growth at phase shifts of± 0.2kŠ1

p is
due to the mismatch of the beam as a result of different focus-
ing strengths at different phases, sinceFr is � dependent in the
linear regime. Thus, rematching the beam at each phase can
reduce the emittance growth. Using the same beam as used
before, this is demonstrated and shown in the bottom of Fig.9,
where the beam beta function is scanned for three different
phases. After rematching, emittance growths within 2 to 4%
are observed for phase shifts of± 0.2kŠ1

p . The rematching can
be done at any phase within the focusing region for positrons.
In conclusion, the effect of a phase jitter of± 0.05kŠ1

p can
be tolerated, while a larger systematic phase shift can be
compensated by rematching the beam beta function to the
focusing �eld at the speci�c phase.
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