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PICKL’S PROOF OF THE QUANTUM MEAN-FIELD LIMIT
AND QUANTUM KLIMONTOVICH SOLUTIONS

IMMANUEL BEN PORATH AND FRANCOIS GOLSE

ABSTRACT. This paper discusses the mean-field limit for the quantum dy-
namics of N identical bosons in R? interacting via a binary potential with
Coulomb type singularity. Our approach is based on the theory of quantum
Klimontovich solutions defined in [F. Golse, T. Paul, Commun. Math. Phys.
369 (2019), 1021-1053]. Our first main result is a definition of the interaction
nonlinearity in the equation governing the dynamics of quantum Klimontovich
solutions for a class of interaction potentials slightly less general than those
considered in [T. Kato, Trans. Amer. Math. Soc. 70 (1951), 195-211].
Our second main result is a new operator inequality satisfied by the quantum
Klimontovich solution in the case of an interaction potential with Coulomb
type singularity. When evaluated on an initial bosonic pure state, this opera-
tor inequality reduces to a Gronwall inequality for a functional introduced in
[P. Pickl, Lett. Math. Phys. 97 (2011), 151-164], resulting in a convergence
rate estimate for the quantum mean-field limit leading to the time-dependent
Hartree equation.

1. INTRODUCTION AND NOTATION

In classical mechanics, the motion equations for a system of N identical point
particles of mass m with positions ¢;(t) € R® and momenta p;(t) € R? for all
j=1,...,Nis

4;(t) =50 (t) = Vo, Hn (p1 (1), an (1)),

(1) : S
Bi(t) == 2, V(4 (t) = k(1)) = =V, H (1 (8), . v (1)),
ki

where the N-particle classical Hamiltonian is

N
Hy(pi,--an) =Y. s=lpil*+ >0 V(g —ax)-
i1 1<j<h<N

Assuming that V e C1(R3), this differential system has a unique global solution
for all initial data. If V' is everEI7 the phase space empirical measure

N
(2) pun (t, ded€) = 3= 3" 64, /Ny (23 (ddE) Nm=1,
j=1
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1n this case, the exclusion j # k in the right-hand side of Newton’s second law for p;(t) is
useless since V even == VV(0) =0.
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is an ezact, weak solution of the Vlasov equation
(3) Opun + & Vapn = Ve (V *x un(t)) - Vepn =0

with self-consistent, mean-field potential

N
Visseun(ta) =5 3 V(e -aqu(t))
k=1
This remarkable observation is due to Klimontovich, and solutions of the Vlasov
equation ([3]) of the form (2)) are referred to as “Klimontovich solutions”. Thus, if
MJ_V(O) - f"dxd§ weakly in the sense of probability measures as N — oo, where
f™ is a probability density on R} x R{, one has

un (t, deds) — f(t,z,&)dxdé weakly in the sense of probability measures

for all t >0 as N — oo, where f is the solution of the Vlasov equation

(4) atf+§'me_vm(v*m,ﬁf(tv'v'))'v5f207 f|t:O:fzn'

Thus, the mean-field limit in classical mechanics is equivalent to the continuous
dependence for the weak topology of probability measures of solutions of the Vlasov
equation in terms of their initial data. See [4] for a proof of this result. For instance,
the weak convergence of the initial data can be realized by a random choice of
(g;(0),p;(0)), independent and identically distributed with distribution f*.

The mean-field limit for bosonic systems in quantum mechanics has been formu-
lated in different settings, by using the so-called BBGKY hierarchy [20] [2, [T} [6], or
in the second quantization setting [I8]. Interestingly, these techniques allow consid-
ering singular potentials such as the Coulomb potential, instead of C*'! potentials
as in the classical case. (The mean-field limit with Coulomb potentials in classical
mechanics is still an open problem at the time of this writing; see however [19] in
the special case of monokinetic particle distributions. See also [9} [I0] for potentials
less singular than the Coulomb potential).

The quantum mean-field equation analogous to the Vlasov equation (@) is the
(time-dependent) Hartree equation

(5) hd(t,x) = —3h*Agp(t,x) + (V x [p(t, )P ) (@)oot ) =0, of,_ ="

In [I6l [T4], an original method, close to the second quantization approach in
[18], but avoiding the rather heavy formalism of Fock spaces, was proposed and
successfully applied to singular potentials including the Coulomb potential.

All these approaches noticeably differ from the classical setting used in [4] for
lack of a quantum notion of phase-space empirical measures. However, a quantum
analogue of the notion of phase-space empirical measure was recently proposed in
[8], along with an equation analogous to (Bl governing their evolution. This notion
was used in [8] to prove the uniformity of the mean-field limit in the Planck constant
h > 0. However, the discussion in [8] only considers regular potentials (specifically
0V e FLY(R?) for |a| < 3+ [d/2]). Even writing the equation analogous to (B
satisfied by the quantum analogue of the phase-space empirical measure requires
V e FL*(R?) in the setting of [§].

The purpose of the present paper is twofold:

(a) to extend the formalism of quantum empirical measures considered in [§] to
treat the case of singular potentials including the Coulomb potential, which is of
particular interest for applications to atomic physics, and
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(b) to explain how the ideas in [I6] 14] can be couched in terms of the formalism
of quantum empirical measures defined in [g].

Specifically, we prove an inequality between operators on the N-particle Hilbert
space, of which the key estimates in [16, [14] leading to the quantum mean-field
limit are straightforward consequences.

The next section briefly recalls only the essential part of [§] used in the sequel.
The main results obtained in the present paper are then stated in section [ The
proofs of these results are given in the subsequent sections.

2. QUANTUM KLIMONTOVICH SOLUTIONS

Consider the quantum N-body Hamiltonian

N
(6) HN = Z—%fﬂA% +% Z V(xj—:vk)

j=1 1<j<k<N

on Hy = H®N ~ L2(R3N), where § := L?(R?). Henceforth it is assumed that V is
a real-valued function such that Hy has a (unique) self-adjoint extension to Hy,
still denoted Hy. A well-known sufficient condition for this to be true has been
found by Kato (see condition (5) in [I2]): there exists R > 0 such that

(7) fl V(= essupy  V(2)] < oo

In particular, these conditions include the (repulsive) Coulomb potential in R3. In
fact, Hy has a self-adjoint extension to £ under a condition slightly more general
than Kato’s original assumption recalled above:

(8) Ve L*(R®) + L*(R?)

(see Theorem X.16 and Example 2 in [I7], and Theorem V.9 with m =1 in [15]).
In the sequel, we adopt the notation in [8]. In particular, we set

(9) TeA=I12% Y o A0 12V | 1<n<N,
and
) N
(10) MR =5 X Tk € LIL(H), L(HN)) -
k=1

The dynamics of the morphism Mﬁ{} is defined by conjugation with the N-particle
dynamics as follows: for each A € £L(9),

(11) My (A =Un() (MIADUN(E),  with Uy (t) = exp(=itHn/h).

Since Hy is self-adjoint, ¢ = Un(t) is a unitary group by Stone’s theorem. The
time-dependent morphism ¢t = My (t) € L(L($), L(Hn)) is henceforth referred to
as the quantum Klimontovich solution.

Assume henceforth that V' is even:

(12) V(z)=V(-z), zeR?.

The first main result in [8] (Theorem 3.3) is that, if V € L'(R?), the quantum
Klimontovich solution My (t) satisfies

(13) ihd Mo (1) = ad* (K )M (t) - C(V, My (£), M (1)) |
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where K = —%th is the quantum kinetic energy, and where

(14) (ad* (T)A)A = ~A([T, A])

for each unbounded self-adjoint operator T on ), each A € L($)) satisfying the
condition [T, A] € L($), and each A € L(L($H),L(Hn)). Moreover

(15) C(VALA)(A) = gy [, V(B A(ELA) - Aa(AE) (M EL))dw

for each A € £($) and each Ay,As € L{L(H),L(HN)), where E, € L($H) is the
operator defined by
(16) (Eu¢)(z) = e ¢(x) for each ¢ € $ and we R?.

Since the integrand of the right-hand side of (IZ]) takes its values in the non sepa-
rable space L($n ), it is worth mentioning that this integral is a weak integral for
the ultraweak topology in L($x) (see footnote 3 on p. 1032 in [§]).

At variance with the classical case recalled in ([B]), the differential equation (I3)
satisfied by the quantum Klimontovich solution ¢ = My (%) is not formally identical
to the mean-field, time-dependent Hartree equation (B)). The relation between (&)
and ([3)) is explained in Theorem 3.5, the second main result in [§], recalled below.

If ¢ is a solution of the the time-dependent Hartree equation (Bl satisfying the
normalization condition

l(t,)|ls =1 forall te R,
the time-dependent morphism ¢ — R(t) € L(L($), L($Hn)) defined by the formulafl
R(1)A = (p(t,)AR(t,) M s
is a solution of (IJ).
3. EXTENDING THE DEFINITION OF C(V, My (t), Mn(t)) WHEN V ¢ FL'(R?)

Our first task is to extend the definition (&) of the term C(V, My (t), My (t))
to a more general class of potentials V, including the Coulomb potential in R>.
Since

My () (EG M (8) (Ew|d)(d]) = My (£) ([0}l Ew ) M () (E)
= Un (8) (MR (EL) MR (Eul@)(¢]) = MR (10Nl B )M (EL) U (2),
the idea is to define
(@R IC(V. M (1), M (£) ([o) )W)
= by [ V@) Uy (OORISN 01y ()W 5)de
for all @, W € H, where

Sn[8)(w) = MF(EL) M (Euld)(¢]) - M ()l B ) M (E)

2Throughout this paper, we adopt the Dirac bra-ket notation. Thus a wave function 1) €
viewed as a vector of the linear space §) is denoted [1)), whereas (1| designates the linear functional

Wl: 5200 [ U@e(a)dreC.
If Ae L£($), we denote
WlAlg) = [ @)(A40)()d
and (Y|¢) := (Y|I4|¢) is the inner product on $.
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and to take advantage of the decay of Sy[¢] in w, assuming that ¢ is regular
enough. Our argument does not use any regularity on ®% or W%, This is quite
natural, since anyway Kato’s condition (8) on the interaction potential V' does not
entail higher than (Sobolev) H? regularity for Un (t)®% or Un ()T, as observed
in Note V.10 of [T5].

Our first main result in this paper is the following result, leading to a definition
of C(V,Mn(t), Mn(t))(|¢){¢]) in the case of singular, Coulomb-like potentials V/,
and for bounded wave functions ¢. This theorem can be regarded as an extension
to the case of singular, Coulomb like potentials V of the formalism of quantum
Klimontovich solutions in [g].

Theorem 3.1. Assume that V is a real-valued measurable function on R? satisfying
the parity condition ([I2)), and

(17) Ve L*(R®) + FL'(R?).
For each ¢ € L* n L= (R?) and each ¥y € Hy, the function
w = (UN|Sn[0](W)|WN) belongs to L2 n L= (R?).
The interaction operator C(V, My (t), Mn(t))(|¢){(¢]) is defined by the formula

OOV, Mux (1), M (D) (616]) = yr [ V(@) () Sl ) (@) (2)de

The integral on the right-hand side of the equality above is to be understood as a
weak integral and defines

t = C(V, M (t), M () ([6)(0])

as a continuous map from R to L(Hn) endowed with the ultraweak topology, which
is moreover bounded on R for the operator norm on L(Hx).

Obviously, condition ([IT) is stronger than Kato’s condition (). In particular,
Hy has a self-adjoint extension to )y under condition (7))

Proof. Assuming that W% € ), one has
Un ()T € Hn with [Un (TR gy = [TN |6y -

Therefore, we henceforth forget the time dependence in Wy (t,-) = Uy (t)W%,
which will be henceforth denoted Uy = Wy (21,...,25).
Observe first that

Sn[elw) =5z 2 (J(EDTi(Eulo)(¢l) - (|9} (el Ew) Tk (EL))

1<k#I<N

since

Je(EL) Tk (Euld)(]) = Tk (|0 (0] Ew ) Tk (EL)
= Je(ELEul0)(¢]) = Tk (I9) (0] Ew EL)
= Ji(10){]) = Jk(lo)(¢]) = 0.

Without loss of generality, consider the term

(‘I’NIJl(EZ)Jz(Ewlsb)wl)l‘I’N)=/R e () g (a5)

6

8 (/RsNﬂW(/R;I’N(CCl, Y2, Z)Mdyg) dZ) dxdzs
= F(-w)
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where
F(X):= fngb(X-rarl)f(xl,:zrl + X, x1)dxy

with the notation

f(z1,22,91) = fP{ws\IJN(xl’x2’Z) (ng‘I’N(ylay%Z)¢(y2)dy2)dz-

We shall prove that F ¢ L'(R?) n L>(R?), so that F ¢ L>(R?) n Co(R?).
First

f |F(X)|dXsf 6(X +2)||f (21,21 + X, 21)|dzrdX
RS R6

- o ([ 16l 2wl ) o

< oo (o o), 22, 2)ldas)
(o v, 2) 002 ) dZdo

= Jrone (/Rs [o(22) 1w (1, 22, Z>|dx2)2 iZda,

Aoy [, [, 1On (o102, 2) PduzdZda,
:H(bH%?(RS) H\I/NH%2(R3N) < 00.

where the last inequality is the Cauchy-Schwarz inequality for the inner integral.
On the other hand

o P CORAX < 1olmmy [, ([ o+ Xl ) ax.
and
/RS |f(z1, 21 + X, 21)|dz < fRSN_B U N (21,21 + X, 2)|®N (21, Z2)dZday
with
@(a1.2) = [ M (@1,e 2)6()ldye.
so that
(21 Zx)" < 0l aqrsy [, 1OV (@102, 2) e

and
[ (@1, 2)2dZda <913 sy [ 10N (. n, 2)PdardyadZ

:HQSH%?(R?’) H\I]NH%Q(R?’N) :

Hence
2

2
([ |f(£L'1,£L‘1 +X,£L'1)|d$1) S(/ |‘I’N(£L'1,£L'1 +X,Z)|(I)N(£L'1,Z)d2d$1)
R3 R3N-3
< f W (01,21 + X, Z)2dZd f Oy (21, 2)%dZdn,
R3N-3 R3N-3

< [ NN (o + X 2)PdZdm 6] g | O e
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so that

2
fm (fm |f (21,21 +X7$1)|d$1) X
<10y IO ey [ [ 10N (@00 + X, 2)PdZdardX

62| O Raqmomy [, [ Nn (a2, 2P dZdadey
= 1913 sy | 2 sy -

Therefore
[ IFCOPAX < 161w gy |01y [ [ gy < o0

s0 that w — EF(-w) belongs to L2(R%) by Plancherel’s theorem. Hence, for each
k#le{l,...,N}, one has

fR3 V(I Nk (ES) Ti( Bl o)) W )dew < oo,

Vel (RY) + L2(RY) — A
fRS V()Y N [T () (D Ew ) Tk (L)Y ) dw < oo

Hence
(t,w) V(w)(L{N(t)\IJ%ﬂSN[qS](w)WN(t)\I/%‘) belongs to C’b(Rt,Ll(Ri)).

Since Sy[¢](w)* = -Sn[p](w) € L(Hn) for each w € R* and V is even because of
(@), the formula

(WRIC(V, M (1), M (D) ()] 2 )
defines

C(V, M (8), M (1)) ([9)(¢]) = =C(V, M (£), Mn () ([0)(0])" € L(Hn)

for each t € R by polarization, and the function
t= C(V,Mn(t), Mn(t))

is bounded on R with values in £($x) for the norm topology, and continuous on
R with values in £($x) endowed with the weak operator topology, and therefore
for the ultraweak topology (since the weak operator and the ultraweak topologies
coincide on norm bounded subsets of L($Hx)). O

Remark. In the sequel, we shall also need to consider terms of the form
(1) =ty [, VBN T (Buld) (0 W)
V(@O (90D ES) Jo (Bul NS W x )dw

(WY NS ([N B ES D) {(9]) J2 (AE, B)|Y N )dw

—~
~
~
N
Il
—~]
(]
N[~
Z
W)
;u\)
w

~
~
~
~
N—

I
~

N |~
N

W)
7
w
<>

where A, B € L(9).



8 I. BEN PORATH AND F. GOLSE
The term (IIT) is the easiest of all. Indeed,

(1) =y [V @)FR@H I (9} (6) Jo(ABL B )
(U NI (O (A(V  [6P)B) ¥ x)

and since V € L2(R?) + Cp(R?) while ¢ € L' n L>°(R3), one has V * |92 € Cy(R3),
so that A(V « [¢]*)B € L($).

The terms (I) and (II) are slightly more delicate, but can be treated by the same
method already used in the proof of the theorem above. First,

(OB} (@) T2 (Eolo) o) U n) = Fi(w),

with
A= [ A, 2)4x(2)dZ,
MY, 2)= [ 6(X + )o(X - DN (X + 5, X - 5, 2)dX
As(2) =:fRG‘I’N(ylay272)¢(y1)¢(y2)dy1dy27
so that
() =gy [, V@) Fiw)do.
Then

([ 1morar)

< [As|72(ran-s) fRSN_G (fRs |A1(Y,Z)|dY)2 dZ < || As|72(ran-s)

S (L |¢<X+%>||¢>(X—%>||\PN(X+§,X—%,Z>|dXdY)2dZ
<Aalaqgn-ay [ I6(X + IPIO(X - %)Paxay

x wa N (X + L, X - ¥ 7)PdXdYdZ

Az e sy [ lo(an) Ploan) P ds

Xf |‘I’N($17$2,Z)|2d:vldac2d2
R3N

= [A2]72mon-6) 0172 ey O[5 -
Besides
I\Azﬂiz(nw—mﬁfm [0y Pl (y2) P dyrdys fRaNfﬁ U (y1, y2, Z)|P dyrdy2dZ
=672 Re) TNy
so that

|F1l L ms) < 9 72me) O[5, < oo
On the other hand

S I OPAY < [ Anla vy | A Faron-sy
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where
A1 aqrom-sy < sup [ 160X + DIPIO(X - $)PPaX
YeR3 JR3
« f N (X + 5, X =¥ 2)2dXdYdz
RSN
<@l amay N IZ,
so that

L I OOPAY < 61y [91acroy | WL < o0

Thus, we have proved that Fy € L' n L?(R%), and since V ¢ L>(R?) + L'(R?), the
product VF e L*(R?), which leads to a definition of (I).
The case of (II) is essentially similar. Observe that

(NN To(BuloNoDn) = [ Fa(w, 2)Fy(w, 2)dZ,

R3N-
where
Fy(y1,2) ==¢(y1)ng D(y2) VN (y1,y2, Z)dy>
F3(22,2) =¢(x2) /RS A1)V N (21,22, Z)dy
And

(IT) = ﬁfmmw)(fmw Fg(w,Z)F3(w,Z)dZ) dos

Observe that
2
(f1Ftn 2lans) < ( [, lCuloty e, 2)ldydye)

<[¢]72(me fRG U N (y1,y2, Z)Pdyrdys

2

so that
2
sup f Fy(w, 2) Fy(w, 2)dZ
wers [JRon-o
2
< ([ sup |Fo(w, Z)| sup |F3(w,Z)|dZ)
R3N-6 ,cR3 weR3

- 2 - 2
< f seur]g3 |Fo(w, Z)|°dZ ‘/Rste jeur]t% |F3(w, Z)|*dZ

3N-6
R w

gfRSN_G([|F2(y1,Z)|dy1)2deR3N_6([|F3(x2,Z)|dx2)2dZ

< 16172 2w 5y

while 5
Jowo ([ 17201 20l a2 <160y 1015

with a similar conclusion for F3. On the other hand

2
fRS |Fo(y1, Z)Pdyr < /RS lp(y1)I? (/m ¢(y2)\I]N(yluy27Z)dy2) di
<10l [ 10G0E ([, [0xn.vm 2)Pdye ) din

<ol Zqmsy 913 =msy [, 198 (1,2 2)Pdrdye.
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so that

2
dw

fRS fRN Folw, 2) EBy(w, 2)dZ

<[ |F2(W,Z)|2(/ |F3(W,Z)|2dZ)dZdw
RS RSN—G RSN—G
< sup fR B, )Pz fR " fR |Fa(w, 2)PdZdw

weR3

szw sup |F3(W,Z)|2deREN76(27T)3([R3 |F2(y1,Z)|2dy1)dZ

ST weR3

2
< (27)® fR.eM (fm |y (s, Z)|d:c2) dz fRsM fm \Fy (s, Z)PdyrdZ
< (21)°10172ma) D1 T (roy [ O[5 -
Therefore the map
we f Fy(w, 2)Fy(w, 2)dZ
R3N76
belongs to L2 n L= (R?). Since V e L2(R?) + L' (R?), this implies that
W f/fRSN_G Fo(w, 2)Ey(w, 2)dZ
belongs to L'(R?), thereby leading to a definition of (IT).

4. AN OPERATOR INEQUALITY. APPLICATION TO THE MEAN-FIELD LiMIT

First consider the Cauchy problem for the time dependent Hartree equation (&).
Assuming that the potential V satisfies (8) and ([[2), for each ¢ € H*(R?), there
exists a unique solution ¢ € C(R, H*(R?)) of (@) by Theorems 1.4 and 1.3 of [L1].

Pickl’s key idea in his proof of the mean-field limit in quantum mechanics is to
consider the following functional (see Definition 2.2 and formula (6) in [16], with
the choice n(k) := k/N, in the notation of [I6]):

an (Un, ) = (UM (I = [9) (V)P n)

for all Uy € Hy and ¢ € H.

Assuming that 1 = ¢ (¢, ) is a solution of () while ¥x (t,-) := Uy ()P, Pickl
studies in section 2.1 of [16] the time-dependent function ¢ » an(Ux(¢,-),¥(1,-)),
and proves that it satisfies some Gronwall inequality.

Observe first that Pickl’s functional an (¥ x(t,-),%(¢,+)) can be recast in terms
of the quantum Klimontovich solution My () as follows

an Un ()R, P(E,) =Un () PFIME (I = [ ) () U (D195
(18) (WU (1) (MR (L = [ () ), ))) Un (D))
(WM () (s = [0, ) (DR )
This identity suggests therefore to deduce from ([I3]) and (B]) the expression of
GMN () Lo = [0 ()N (E,)])

in terms of the interaction operator C defined in (I5).
This is done in the first part of the next theorem, which is our second main result
in this paper.
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Theorem 4.1. Assume that the (real-valued) interaction potential V, viewed as
an (unbounded) multiplication operator acting on $) := L?>(R?), satisfies the parity

condition ([I2)) and ().
Let "™ € H*(R3?) satisfy ||| = 1, let 1 be the solution of the Cauchy problem
@) for the time-dependent Hartree equation, and set
(19) R(t) = [t )N (L), and  P(t) =I5 - R(1).
Then
(1) the N-body quantum Klimontovich solution t — My (t) satisfies

ihO (Mu (£)(P(1))) = C(V, My (1) = R(t), Mn (1)) (R(1)),

where

R()A = ((t, ) AW (L, ) s = traceq (R(1)A) Lay ;
(2) the operator C(V,Mn(t) — R(t), Mn(t))(P(t)) is skew-adjoint on Hy and
satisfies the operator inequality

£iC(V, My () = R(t), M (£)) (R(t)) < 6L(t) (Mn(t)(P(1)) + R Loy ) »

wherd]
(20) L(t) = 2max(1,Cs) |V r2ms)+=(rs) [¥ (¢, ) | m2(rs) -
and where Cs is the norm of the Sobolev embedding H?*(R?) c L= (R?).

The operator inequality for quantum Klimontovich solutions in the case of po-
tentials with Coulomb type singularity obtained in part (2) of Theorem (1] can
be thought of as the reformulation of Pickl’s argument in terms of the quantum
Klimontovich solution My (t).

Indeed, we deduce from parts (1) and (2) in Theorem E Tl the operator inequality

(21) AL My () (P(1)) < ED (My (1) (P(1) + 215, -
Then, evaluating both sides of this inequality on the initial N-particle state \IJ%,
and taking into account the identity (IS]) leads to the Gronwall inequality

dran Un (DT, (1) < 2 (an Un (TR 9(2,) + F)

satisfied by Pickl’s functional an (Uy ()W, 1(t,+)). This last inequality corre-
sponds to inequality (11) and Lemma 3.2 in [16].

In the sequel, we shall denote by L£P($)) for p > 1 the Schatten two-sided ideal of
L($H) consisting of operators T' such that

IT], = (traces (T*T)/2)) " < oo

In particular £'($)) is set of trace-class operators on §) and || - |1 the trace norm,
while £2($) is set of Hilbert-Schmidt operators on § and |- |2 the Hilbert-Schmidt
norm.

3We recall that, if F/, '+ are Banach spaces

[v] Enr = max(|v] e, v F),

and

1£1 p (rays a(ray = D f1 | o ray + [ f2 La(ray 56 f=f1+f2 with freLP(R?), f2e LY(R)}.
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Corollary 4.2. Under the same assumptions and with the same notations as in
Theorem [f1}, consider the N-body wave function Wy (t,-) = Uy (t)(1™)®Y, and
the N-body density operator Fy(t) := [¥n(t, ) (Un(t,-)|. For each m =1,...,N,
the m-particle reduced density operator Fn.,,(t), defined by the identity

traceyjm(FN;m(t)Al ®...® Am) = <‘I’N(t, )|A1 ®...9A,® IﬁN7m|\I’N(t, ))
forall Ay, ..., Ay € L(9), satisfies

|Fan () = RO < 4y T exp (3 [ L)ds)

with L given by 20).

Let us briefly indicate how one arrives at the operator inequality in part (2) of
Theorem [l Let Ay, Ag € L(L(H),L(Hn)) be such that
(22) w = (UN|AL(EX)A2(EL)|W v )belongs to L' n L*(R?)

for all ¥y € Hy. For all V satisfying (I2)) and ([IT), define T (V,A1,A2) € L(HN)
by polarization of the formula

(UnIT (VAL A)ON) = hyr [ V(@)A1 (B2 Aa(EL) W) do.
In other words,

(23) T(Vih1 Ao = hye [ V(@) Aa(EDAs(Bu)dw

where the integral on the right hand is to be understood in the ultraweak sense (see
footnote 3 on p. 1032 in [§]).
For each A € £($), denote by A;(eA) and A;(Ae) the linear maps

Aj(eA): L($H)3B~ Aj(BA) e L(HN)
Aj(Ao) :L(H)>B - Aj(AB) e L(HN)

respectively. If A € £($) is such that Ay, A2(eA) and Ag(Ae), Ay satisfy ([22]), then
one has

(24) C(V,A1,A2)A=T(V,A1,A2(0A)) = T(V,A2(Ae), A1)
Lemma 4.3. Let Ay, Ay € L(L($), L)) be *-homomorphisms, in other words
Aj(AT) =A;(A), j=1,2
for all A€ £(53). Assume that Ay, Ao satisfy @) Then
T(V,Ag, Ar) = T(V, Ay, Ag)*
Proof. Tndeed
T(Vha M) =gy [, V) Aa(E2)A(BL)dw
- a2 fR V(@) As(Eu) Ay (EL) dw = T(V, Ar, Ag)*

where the first equality follows from the fact that A; and Ay are *-homomorphisms,
while the second equality uses the fact that V is real-valued, since V is real-valued
and even. O
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An easy consequence of (24]) and of this lemma is that, for each A = A* € L($))
such that Ay, Az € L(L(H),L(HN)) are *-homomorphisms such that Aj, Az(eA)
satisfy (22)), then

(25) (C(ViA1, A2)A)" = =C(V, A1, A2)A.

The key observations leading to Theorem [ T]are summarized in the two following
lemmas. In the first of these two lemmas, the interaction operator is decomposed
into a sum of four terms.

Lemma 4.4. Under the same assumptions and with the same notations as in
Theorem [{1}, the interaction operator satisfies the identity
C(V,Mp(t) - R(t), Mn(8))(R(t)) =Ty + T + T3 + T4,
with
Ty =T (V, My (£)(P(t)eP(t)), My (1) (P(t)eR(t))
=TV, Mn () (R(t)eP(t)), Mn () (P(t)eP(1)),
T =M () (R(t)Vr(ry P(£)) M (£)(P(1))
- My (&) (P(&) )My (&) (P(D) VR R(1)),
T :=T(V, My (t)(P(t)eR(t)), Mn(t)(P(t)eR())
=TV, Mn(t)(R(t)eP(t)), Mn(t)(R(t)eP(1)),
Ty =5 My (8)[Vay, R(1)].

All the terms involved in this decomposition can be defined by the same method
already used in the proof of Theorem Bl Indeed, one can check that all these
terms involve only expressions of the type (I), (IT) or (IIT) in the Remark following
Theorem [3J] This easy verification is left to the reader, and we shall henceforth
consider this matter as settled by the detailed explanations concerning (I), (II) and
(III) given in the previous section.

FEach term in this decomposition satisfies an operator inequality involving only

the operator norm of the “mean-field squared potential” (V?2) R(t), instead of the
“bare” interaction potential V itself.

Lemma 4.5. Under the same assumptions and with the same notations as in
Theorem [{1], set

(26) 0(t) = V2 x (e, )P

Then

=Ty <20(t) ((1- F)MN(E)(PE) + w1sy)
+iTy <20(t) (Mn () (P(1)) + 5 15y)

Ty <20(8) (1~ H)MN(E(P(H)) + E15y)
+iTy <2 ()]s, .

Remarks on /(t) in (26) and L(¢) in (20).
(1) If V satisfies condition (I7) in Theorem B.1] then Ve L?(R3)+L*°(R?), so that
VZe LY(R?) + L (R%). Thus (V?)g(s), which is the multiplication operator by the
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function VZ x [1)(¢,-)|?, satisfies
()%= [V [t )P (e <IVE 22 Roys =y [0 () [ Tr e mo)
<2V L1 oy (rsy max(L, [ (8 ) |~ (re))*
Q2CE |V 71 raysr=rey [0 () 72 o)
where we recall that Clg is the norm of the Sobolev embedding H?(R?) c L= (R?).

(2) If V satisfies [®), then |V (I -A)~!| < M for some positive constant M (see the
discussion in §5.3 of chapter V in [13], so that

Vi< M*(I-A)?.

In this remark, we shall make a slightly more restrictive assumption, namely that
V? satisfies

(27) Vi<CO(I-A).
In space dimension d = 3, the Hardy inequality, which can be put in the formf]
1
— <4(-A

implies that the Coulomb potential satisfies the assumption above on V. If the
potential V satisfies the (operator) inequality (27]), then

0< (V@) = [ VAWt -p)Pdy = btz =)Vt - )
<Otz —)|(I - D)tz ~-)) = Cle(t,z ~ )22 + C[ Ve (t,a ~) |1
= Clo(t, )72 + Clvu(t, )7
Thus, if ¢ € C(R; H'(R?)) is a solution of the Hartree equation,
(1) < VO (t,) | i (msy -

(3) A bound on £(t) in terms of |[¢(,-)| g1 (r3) instead of [ (t,-)| g2 (rs) is advan-
tageous since the former quantity can be controlled rather explicitly by means of
the conservation of energy for the Hartree equation (B). This explicit control is
useful in particular to assess the dependence in h of the convergence rate for the
mean-field limit obtained in Corollary (2]

Clearly, the convergence rate for the quantum mean-field limit in Corollary[£2]is
not uniform in the semiclassical regime, in the first place because of the factor 3/h
on the right hand side of the upper bound for || Fy.m(t) = R(t)®" |1, which comes
from the ih0; part of the quantum dynamical equation.

However, one should expect that the function £(t), or at least the upper bound for
£(t) obtained in (2), grows at least as 1/h, since it involves ||V, (¢,-)| L2, expected
to be of order 1/h for semiclassical wave functions ¢ (think for instance of a WKB
wave function, or of a Schrodinger coherent state).

4To see that 4 is optimal, minimize in « > 0 the expression

Jes

2

T
Vu+a—-u| dz.

]
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We shall discuss this issue by means of the conservation of energy satisfied by
the Hartree solution # (see formula (5.2) in [3]):

SRt + 4 [ WPV« [t a))d
= %hQHVWnH%? + % Ad |1/}m(x)|2(v « |1/)m($)|2)d3:

Observe that

(28) Vs b (t,2) Pl < b (t, ) |22 (V2 * [b(t,2) ) = 0(2),

so that

RO e+ [ @RV (@) ) da
<SR F + 50(8) < SRP | 3 + SV e
Thus, if V >0, or if V > 0, one has
fRd [ (t, )P (V * [ (t,2) ) de = gpya fRd V(@)IF((t, )P (w)dw > 0

(where F designates the Fourier transform on R%), so that the conservation of mass
and energy for the Hartree solution implies that

W2 [, ) g < B2 ™ |3 + VO™ [

In that case

((t) < W o2 |wim 2, + VTl ).

Typical states used in the semiclassical regime (WKB or coherent states, for in-
stance) satisfy h|Vy*" |2 = O(1). Thus, in that case

£(t) < b2\ JOW [, + VORI ) = O(h2)

Things become worse if the potential energy is a priori of indefinite sign. With
[28)), the energy conservation implies that

W29 (t, ) <h? 19" 15 + VO™ [ + VC(E,) |
<h2 " 3 + VO™ | + 55z + 3B [0 (8 )30
so that
WLt e <2 (W21 s + VO™ e + o ) < 3076 3 + 25

and thus

0(t) < K72/ C(3hA[pin |2, +20) = O(h72).

Therefore, the exponential amplifying factor in Corollary B2 is exp(Kt/h%?) in
the first case, and exp(Kt/h*) in the second. These elementary remarks suggest
that Pickl’s clever method for proving the quantum mean-field limit with singular
potentials including the Coulomb potential (see [16] [I4]) is not expected to give
uniform convergence rates (as in [7, [§] in the case of regular interaction potentials)
for the mean field limit in the semiclassical regime.



16 I. BEN PORATH AND F. GOLSE

5. PROOF OF PART (1) IN THEOREM [1.]]
For each 0 € G and each ¥y € Hy, set
(UU\IJN)(Ila"'v'rN):\IJN(IU‘l(l)a"'aIU‘l(N))'

Since ¥ (t,-) € H*(R?), the commutator [A, R(¢)] is a bounded operator on $).
According to formula (25) in [§], denoting by Vi; the multiplication operator

(29) (Vkl\I/N)(I17 e ,IN) = V(:Z?k —:El)\I/N(.Il, . ,:Z?N),

one has
(30)
traceg , ((thO: My (t) - ad*(—%h2A)MN(t))(P(t))FN)

= —traceyjN(%([Vlg, JIP(t)])FN) = traceﬁN(%([Vlg, JiR(H)])EwN)
for all Fiy € L($) such that
(31) Fy=Fpn20, traces,(Fy)=1, and U,FnU;=Fy foralloceSy.
The core result in the proof of Theorem [3.1]is that the function
w e (U ([Fs ROODT(EL) W) € L2 0 L= (RY)
for each k # 1€ {1,...,N}. Since V e L'(R?) + L?(R?), this has led us to define

(W [[Via, HROION) = 5 [

and more generally, using a spectral decomposition of the trace-class operator Fy,

traceﬁN([Vkl, JkR(t)]FN) = ﬁ AS V(w) traceﬁN(Jk([Ew,R(t)])Jl(E;)FN)dw

with

V(@)U N|Jk([Ew, R ])(ES) |V N )dw ,

3

w > traces y (| Jk([Ew, R(D)])Ji(ES)Fy) € LP 0 L= (R?) .
Since U,FnU} = Fy for all 0 € Sy, for each m#ne{1,...,N}, one has

traces v (U5 ([Vi2, J1R(1)]) Fiv) = traces y (55 ([Vinn, Jim R(]) Fiv)

:# > (2—7103fRSV(w)traceﬁN(Jk([Ew,R(t)])Jl(E;)FN)dw
1<k#I<N

~ iy [, V(@) traces (Sn[u(t ) )(w) Fy )dao.
With the definition of C in Theorem [B.I] we conclude that the operator
Sy = (ithoMny(t) - ad*(—%hQA)MN(t))(P(t)) —C(V,Mnp(t), Mn(t))(R(1))
satisfies
traceg  (SNFn) =0
for each operator Fiy € L($H) satisfying (3I)). One easily checks that
USnyUy,=8Sy foralloceSy.
Let Dy € L($n) be a density operator on £y, i.e.
(32) Dny=Dxy2>0 and traceg,(Dy)=1.

Obviously
FN = % Z UUDNU;

oeS N
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satisfies ([B1), so that
0 = traces, (SNFn) = 77 . traces, (U;SnUsDn) = traceg , (Sv D)

oeS N

for all Dy € L($H ) satisfying (B2). Since any trace-class operator on )y is a linear
combination of 4 density operators, we conclude that

traceg  (SNTn) =0 for all Ty € L' (Hn),
so that
(33) Sy =0.
On the other hand
My () (im0 P(t)) = My (1) ([=3h* A+ V x [ (¢, ), P(1)])
= My (0)([=3h%A, P(8)]) = M ()([V = [9(t, )P, R(1)])

so that
(34)
ihd (M (t)(P(1))) =ad* (-5h*A) My (£) (P(t)) + C(V, M (1), My () (R(1))

+ My ()([=3h7A, P(6)]) = M ()([V = [(t, )P, R(D)])
=C(V, My (1), Mn (1)) (R(2)) = Mn () ([V = [o(t, )7, R(1)]) -
Finally, by condition ([I7) on V', one has
b(t,) e HA(R?) € L2ALARY) —> V «[o(t, ) ¢ FLI(RY)

so that
Vbt =gy [ V@F( ()P (@) Eudw
(33) ~a [ V@@L () Eude
~a [ V@R (E) Eud
Hence

My OV 906, ROD =gk [ V@R E) My (B, R
=C(V,R(t), Mn (1)) (1(t))
so that, returning to ([34]), one arrives at the equality
ihdy(Mn (1) (P(1))) = C(V, M (1), Mn (1)) (R(t)) - C(V,R(t), Mn (1)) (R()),
which proves part (1) in Theorem 11
Remark. In [§], the equality
thoeMp (t)(A) = ad*(—%th)MN(t)(A) —C(V,Mn(t), Mn(t))(A)

is proved for all A € £($)) such that [A, A] € £($) assuming that V ¢ FL'(R?).
This argument cannot be used here since V ¢ FL'(R3). Besides, the definition of
the operator C(V, My (t), My (t))(R(t)) in Theorem 31l makes critical use of the
fact that R(t) = [¢(t, )1 (t,-)| with ¥(t,-) € L? n L= (R3). This is the reason for
the rather lengthy justification of ([B3]) in this section.

(36)
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6. PROOF OF LEMMA [£A4]
In the sequel, we seek to “simplify” the expression of the interaction operator
C(V, My (t) = R(t), M (£))(R(t)) -

This will lead to rather involved computations which do not seem much of a simpli-
fication. However, we shall see that the final result of these computations, reported
in LemmalL4] although algebraically more cumbersome, has better analytical prop-
erties.

6.1. A First Simplification. First we decompose E,R(t) and R(t)FE, in the
terms My (t)(EyR(t)) and My (t)(R(t)E,) as

E,R(t) = P(t)E,R(t) + R(t)E,R(t),
and observe that
C(V, Mn (1) = R(1), Mn (£))(R(t))
= @y fRS V(@) (M (1) = R() (E5) M () (P(1) ER(t))
My () (R(t) ELP (1)) (M (1) = R(1)) (E}))dw

e fRB V(@) (M () = R()(EL), M () (R(D) ELR(t))Jdw .

All the terms in the right hand side of the equality above are either similar to the
one considered in Theorem B3] or of the type denoted (III) in the Remark following
Theorem 3]

An elementary computation shows that, for all w € R,

[(Mn(t) = R(8))(EZ), My (1) (R(t) ELR(1))]
= [MN()(E), M (8)(R(t) EuR(1))]
= y My (O)[ES, R(HELR(1)].
Recall indeed that, for each A, B € £($)), one has
[Mn(1)A, My (1) B] = 5 My (1) ([A, B])
— see formula before (41) on p. 1041 in [§]. On the other hand
(37)  R(ELR(t) = [ (t, )N (t, ) Eulib (8, )N ()] = F([(t,)P) (~w) R(H)

so that
[(Mn(t) = R())(ES), My () (R(t)ELR())]

= FF (Wt )P) (~w)Mn (HES, R(H)].

Besides
(M (8) = R(E))(EG) =Mn (0)E = (b () ELD(E)]) L
=My (0 E; = F([(t)) (W) gy
=My () (B = F (9t )P) (@) s) -
Indeed
(38) Mg = Iy = My (D) =Un () (MFIs)Un (1) = Lo,

where we recall that Uy (1) := e **N/? while Hy is the N-body Hamiltonian.
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Therefore
C(V, My (1) - R(t), Mn () (R(1))
= fm V(@) (MBS = F ([t )P ) (@) 1) My (8 (P(£) B R(1))
~My () (R() E,P(1)) (Mn (£)(ES = F ([ (t, ) ) (w) ) )dw
vy [, VEF @R @) My (1) Ba R e
in view of ([Z). With the formula (), we conclude that
(39)
C(V,Mn (1) = R(t), Mn () R(t)
= fm V(@) (MBS = F ([t )P ) (@) 1) My (8 (P(£) B R(E))
M () (R(E) B, P(1) (M (1) (ES = F([0(t,)]*) (@) L) )dw
MOV * (¢, ), R()] .
6.2. A Second Simplification. Next we decompose E in My (t)(E?) as
B = P(t)E5P(t) + P(t)EXR(t) + R(t)ESP(t) + R(H)ELR(t) .
The identity (37) shows that
R(H)ELR(t) = F([o(t, )P ) (@) R(1),
and hence
R(t)(BS - F([p(t,)?) (W) 5)R(t) = 0.

Therefore

My () (EL = F(lo(t,)P) (W) L) =My () (P ELP(t) = F ([ (t,)*) (w) P(t))
+ My () (PO ELR(t) + R(HELP(1)),

since R(t)P(t) = P(t)R(t) = 0. Thus
C(V, M () - R(£), My (1)) (R(t))
= [ V@M PO ELP®) - F (1)) @) PO)My () (PO ER)
M () (R() EP(0) (M (D (P ELP(E) - F(hit,)P) (@) P()) s
v [V @My ()(POELRE) + ROELP)) My (0)(POELR()
My () (R()EP(£) M () (P(DELR(E) + RIDELP(1)))
S E MBIV * 1 P), R(E)].
Using again ([Z) implies that
[, V@) MO R ELPE) My ()P ELR(E) da
= [ V@) My (R EPO) M () (P(OELR®))do

19
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so that
C(V, Mn (t) = R(1), Mn (£))(E(2))
= fRSV(w)((MN(t)(P(t)EZP(t)—f(lw(t W) (@) P() M (£)(P(t) ELR(t))
~My () (R ELP (1)) (M ()(P()ELP () = F(| (8 )) (W) P(1))) g
+fR‘ V(W) (M (8)(P(1) ELR(1)) M (1) (P(t) ELR(t))
~Mn (8)(R(1) EoP(1)) My (1) (R ES P(1))) s
MOV = [t )P), R()].
By (B3), one can further simplify the term
fRS V(@) F ([ (t,)) (@) My () (P(1)) M (8 (P(1) EL R(t))
- My () (R EP (1) (M ()(P(1))) s
=My () (PE) My (O)(PE)(V * (8 )P )R(2))
= My () RV * [ (¢, )P )P () M (8 (P(1)).
Finally
C(V,Mn()-R(),Mn@))(R()) =Ty +To+T5+ T}
with
Ty = fR V(@) (My()(P)ELP() My (8)(P() ELR(t))
= My () (R() EP(1) (Mn () (P(1) ELP(1))) s
Ty =My (1) (R()(V * [ (1)) P(1)) M (8) (P(2))
= My (O)(P() My (@) (PO(V * (¢, ) R(L))
Ty ':fR\ V(@) (M () (P ELR($) M (1) (P($) ELR(1))
- My () (R() B P () M (8) (R()ELP())) 55
Ty =y My OV * [ (8, )P), R($)].
Observe again that all the integrals in the right hand side of the equalities defining
Ty and T3 are of the form defined in Theorem Bl or of the form (I), (II) or (III),
or their adjoint, in the Remark following Theorem B.11

That
Ty =T (V,Mn(t)(P(t)eP(t)), Mn (t)(P(t)oR(t)))

=TV, My () (B(t)eP (1)), Mn(£)(P(1)eP(1)))
T3 =T (V, M (1) (P(t)oR(t)), Mn (£)(P(t)eR(1)))
=TV, My () (R(t)eP (1)), My (£)(R(t)eP(1)))
follows from (I2)) and the definition (23). This concludes the proof of Lemma [4.4

7. PROOF OF LEMMA

In the sequel, we shall estimate these four terms in increasing order of technical
difficulty.
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7.1. Bound for T;. The easiest term to treat is obviously T,. We first recall that
(40) IMn()(A)] <A for each A € L(9H)
— see the formula following (41) on p. 1041 in [8]. Thus

ITal < IV * [t )P, RO < x IR@V * [ (8P| + [V * ()P R()])

=2 |V * [, )R]

where the equality follows from the fact that R(¢) = R(¢)*, which implies that
(41) (V= [p(t,)P)R(1)" = RE)(V * [ (t,)) -

On the other hand, by Jensen’s inequality

(VI [o(t, ) < V2 ()

so that
(42) [V x [, PRI <[V * (e, )P
<V (8 )P [T < 1(V2) # [o(E )P = £(8),
and therefore
(43) ITu] < 4(2).

Finally, we recall that

. N N
(MFA) =5 Z (JkA)" = % Z R(A7) = M3F(AY)

for each A € L($), so that
(44)
(M (1)A)" = (Un (1) (MF AU (1)) =Un (1) (MG A) Un (1)

=Un (1) MR (AU (1) = M (£)(A7).
Then {I) and ([@4) imply that
(MNOIV > [t )P, ROD* =My @[V * [ (t, ), R(H)])
=My (@) (-[V * [o(t, ), R(1)])
== My OV * [(t, )P, R(1)])

so that T} = -T4. Hence +iTy are self-adjoint operators on $y, so that

(45) [Ty < %K(t) = 1Ty < %K(t)IﬁN .

7.2. Bound for T5. Set

(46) Sy = My (£)(P(£)) Mn () (P(E)(V * [o(t,-) ) R(t)) .-
One has

o =Un () MG (P(E) MG (P)(V » (8, )P ) R(E)Un (1)

=¥ sz: S(JeP )M (POV * (8, )P R(E)) (JuP (1) Un (1)

=1

ko

N
+ Z Un ()" (JkP () [P (), M (PO)(V * [b(t, )P ) R($) U (2) .-
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Then
[TeP(t), MF (P(6)(V * [ (t, )P R(1))]
= [P (), e (P()(V * [(t,) ) R(1))]
= POV *[(t,))R(1)).
so that

N .
So =% ; N () (JeP ()M (P&)(V * [ (2, )P )R()) (JuP (1) Un (1)

N
NLZ Un ()" T (P)(V = [0 (t,)P) R(E))Un (2)

By cyclicity of the trace, for each Fi satisfying (B1), denoting
Fn(t) =Un () FyUN ()",
one has

traces  (SoFar

N
=% Ztracem M PV > [, )P )RE) (JeP(£) Fr () (Je P(1)))

N
+7 2 traces, (Jr(P(E)(V * [(t,)*)R(1)) Fn (1))

k=1
so that
|traceg (SQF}\?)|

N
<x 2 M PO * [t )P )R (P () Fr () (JeP())) |

=

—

N
+5z 2 TPV = [ (8, ) )R [ F (81
(47) S
<[ (Vx[o(t,) -+ Z traces  ((JeP(¢)) En (1) (JuP(1))))
N
|V (8, )P R(®) | 5= ;;1 | Fn ()]
= [(V « [9(t, ) ) R(E) | (traces , (Mn (8) (P() FN') + % [ Fx' 1) -
By @4,
S5 = My (E)(RE)(V = [i(t,) ) P(£)) My (£)(P(t))
so that
Ty =55 —-S=-Ty.
Thus

|traceyjN(T2F]'\?)| <|traceg (S;F]\?)| + |traceyjN(SgF]'\?)|

=|traceg (F}{’Sg)| + |traceyjN(SgF]i\?)| = 2|traceg (SQF}\?)| ,
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so that
|traces y (To Fat)|
(48)  <2|(V * [(t, )P R(1) | (traces , (My (8) (P(0) FN') + | ER' 1)
< 20(t) (traceg 5 (MN(t)(P(t))F}\?) + % traceg (F}\?))
by @2).
Next we use the following elementary observation.
Lemma 7.1. Let T =T € L(Hn) satisfy
U,TU? =T for allc e Sy, and traceq, (TF)>0
for each F € L(HN) satisfying BI). Then T > 0.
Proof. Indeed, we seek to prove that
(T|T)w) >0 for each U e Hy .
For each W € $y such that Uy g, =1, set
F=x Y U YNU Y.

ceG N

Then F satisfies (B1), so that
0 <trace(TF) =5 Y (U, V[T|UV) = 37 > (U|U;TU,|¥) = (¥|T|¥)

eSS N eSS N
since UTU, =T for each 0 € Sy. Thus (¥|T|¥) > 0 for each ¥ € H such that
[Un]lsy =1, and thus for each ¥ € $y \ {0} by normalization. O

The inequality ([48)) implies that
20(t) traceg , (M () (P(t)) + %If)N YENY) 2| traceg  (To Fat)|
>traces, (i To Far
and we conclude from Lemma [T] that
(49) + 0Ty < 20(L) (M (t)(P(t)) + 7 1gy) -
7.3. Bound for 7). Next we estimate
S1=T(V, M () (P(8)eP(2)), My (£)(P(t)eR(1)))
U (8) T (V. M (P()eP (1)), MEF (P(1)oR(1)))Un (1)

1

=5 2 UN () TV, Jk(P(t)eP(t)), M (P(t)eR (1)) Un(t) -

M=

B
Il

1
Observe that

T(V, Jk(P(t)'P(t))7M%(P(t)oR(t)))
- /R V(@) (JeP(8) Ju (PO ESP(E) MR (PO ELR(D)) (T P(1)) s
x fR V(@) (JiP(0)) Tk (P() ES P(1)) [Tk P(t), Tk (P() B R(£)) ] 3555

since P(t) = P(t)?, so that JyP(t) = (JxP(t))?. Then
[JiP(1), J(P(t) ELR(t))] = Ju(P(t) EL,R(1))
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so that
Je(P()ELP()[JiP (1), Ji(P(t) EuR(t))] = Ji(P(t) ELP (1) B, R(t))
= Je(P(1)EL(I = R(1)) EuR (1)) = =F ([ (1)) (~w) J(P() ESR(1)) -
Hence ([I2)) implies that
[V PWO) R PWELPO)RP), (PO ER0D)] i
=~y (JeP () J(P)(V * [ (L, ) ) R(1)) -
On the other hand
L V@ PE) I (PO BL ) ME (PO ER() (T P(1)) 5

=N fRS V(w)(JP(t))Ji(P(t)E:LP(t)) Z J(P()E,R(t))JsP(t) (;:)3

1#k

_ _/ (W) (JeP(t))Je (B )ZJZ(P(t)E R(t)) JeP(t)
L#k

- (P) | 3 S PO APVl AR) PO | (P,
12
since Ji(P(t)E,R(t))J:(P(t)) = 0, with Vj,; defined as in (29]).
Hence

Si=5 Y. Un®* (TP @) (LP )V (JIR(E))(JuP(t)) Un (L)
1<k#I<N

N
— 57 2, UN () (JP()) Tk (P)(V * [(t, )P ) R(1)Un (L)

k=1

Therefore, by cyclicity of the trace, for each Fir e L(Hn) satisfying (), denoting
Fn(t) =Un(t)FyUN()*, one has

traceg , (S1Fy")
=5z > traces ((JoP(6) (L P(0) Vi (JR(1)) (JiP(t))* Fx (£) (Ji P(t)))
1<k#I<N
-z ;ltracem(Jk(P(t)(V*lw(t IR Fn (t)(JeP(1))),
so that
(50) .
|traceg  (S1FN)]
<xe gl: I(Te P () )T P () Wi SR () N Tk PO (TP (0)EN ()T P ()]
1<k#I<N

N
R Z_: [T (PEV = [ (PR Fx (D11 J:P ()]

< (1= ) IViz o R(#)| traces  (FN' M (£)(P(1)))
1 IV * ot )P RO Ev ()]



PICKL’S PROOF AND QUANTUM KLIMONTOVICH SOLUTIONS 25

Finally
Ty =T(V,Mn(t)(P(t)eP(t)), Mn(t)(P(t)eR(t)))
=TV, My (@) (R(t)eP(t)), Mn (1) (P(t)eP(t))) = S1 - 57 = =TT

because of Lemma [£.3] so that

|traces,, (T1FR")| <2(1 = ) [Vis o R(1) | traces y (Fy' My (£) (P(1)))

+ 7 IV * [t )P RO Fy (@)1

Since R(s) is a rank-one orthogonal projection
51 [Via (LRI =] (J2R(1)Vi(2R(1))]
=[(VZ 5 [ (t,)17) @ R(s) | < [(VZ [ (t, )P = £(1).

Thus
(52) , , .
|[traceg , (TVFR)| <26(t) ((1-4) traces y (Fi* My (1) (P(£)))+2 | FA' 1)

1
N
=2/(t) ((1—%) traceg (F}\?MN(t)(P(t)))+% traceg (F}\? ) .
In particular
20(t) traceg (F]\? ((1—%)MN(t)(P(t))) + %IﬁN)) > traceg (2011 Fir
and since this inequality holds for each Fi* € L5(Hn) such that Fy* = (Far)* > 0,
we conclude from Lemma [71] that

(53) =0Ty < 20(1) (1= )M (D) (P(£)) + %15y )

7.4. The Operator IIy. In order to treat the last term T3, we need the following
auxiliary lemma — see the formula preceding (13) in [16].

Lemma 7.2. Let R = R* be a rank-one projection on § and let P := I - R. Set
Iy := M P. For each N > 1,

My =Ty, O3 >+My, and  KerIly = Ker(I - R®V),

L
N
so that

Iy > £ (1-R®Y).
In particular, there exists a pseudo-inverse Iy : (KerIly)* — (KerIly)*, with
extension by 0 on Kerlly also (abusively) denoted Iy, such that

(54) M Iy = ONIIy = 1 - R®Y .

In [I6], the definition of the pseudo-inverse of IIy immediately follows from
formula (6), which can be viewed as the spectral decomposition of IIy. The proof
below is quite straightforward and avoids using the clever argument leading to
formula (6) in [16], which is not entirely obvious unless one already knows the
result.

Proof. That Il is self-adjoint is obvious by definition of M%. Then

1 (& 1 & 1
H%:W(ZJ;CPM > JkPJlP)szJkP:NHN.
k=1 1<k<I<N k=1
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If X e KerlIly, one has, for each k=1,... N,

Z X|JpP|X) = (X|JyP|X)=0 = JPX=0.
Hence
X=JyRX=Jy_1RX=...=JoRX =J1RX
so that
X =JyRX =JyRIN.1RX =...= JNRIN_1R...JoRJ;RX = R®V X .

Thus KerIly = Ker(1 — R®Y). Finally
1/2 12 . 112 2 1
I3, = Y231 > NHN/ TN = v
Therefore, for each X € $, one has
1
My XTx|TIyX) > NHHNXHQ.
Since Iy = ITy;, one has

ImHN = (KerHN)l
(see for instance Corollary 2.18 (iv) in chapter 2 of [5]). Since

1
(Y|HN|Y)2NHYH2, Y eImIly,

and since one has obviously ||| < 1, a straightforward density argument shows
that

(Y|HN|Y)2%HYH2, Y e (KerTly ).
Hence
Iy >+ (1-R®Y).
The existence of the pseudo-inverse II3} follows from this inequality. O
7.5. Bound for 7T3. Finally, we treat the term T3. Set
Ss =T(V,Mn()(P(t)eR(t)), Mn(t)(P(t)eR(t)))
=Un ()T (V. MG (P(t)oR(1)), MR (P(t)eR(1))Un (1)
One easily checks that
T(V. MGG (P(t)eR(t)), MR (P(t)eR(1)))
= [ V@ME(P@OBLRWO)IME (P ER(1))
=5z 2, (WPO)IkP()Via(JeR(1) (JiR(1)) .

1<k#I<N

At this point, we set Iy (t) := MY P(t) and use Lemma[T2to define the pseudo-
inverse Iy (¢)~!. One has TIx(t) = Iy (¢)* >0, so that Ty (¢)™' = (Tx(#)™)* >0
on Ker(I - R(t)®"). Abusing the notation Iy (¢)'/2 to designate the linear map
(Ty(t)™1)Y?, we deduce from (G4 that

Iy ()20 (8) Y2 = T - R(4)®Y,
so that
(JuP() Ty (8) 2Ty (8) 7% =TIy (6) VP10 (8) 72 (TP (1)) = JLP(2) .
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Hence

T(V, M (P(t)oR(1)), M} (P(t)sR(t)))

= Y (IPM))(JP))y (£) Iy ()2 Ve (JoR(1)) (SR (1)),
1<k#I<N

and we study the quantity

traceg  (S3Fi) = traceg ((FJZ\}I)%SQ(F}\?)
= traces,, (Fi (£) 2T (V, MR (P(t)eR(t)), M (P(t)eR())) Fx (t)

)
).

where Fy(t) = Un(t)FNUN(t)*, for each Fi' e L(Hn) satisfying @BI). Observe
that

= N

ltraces  (Fiy () 2(J,P(£)) (Jo P()n (£) 2Ty (£) Vi (Je R(£)) (JLR(£)) P () )]
< Ty ()% (S P(0) (P (1) Fr (£) % 2| v (£) 2 Via (JkR(E) (SR () Fny (1) 2| 2,

so that, by the Cauchy-Schwarz inequality,

1/2
|traces (93 Fy)| <7 ( k%: ITn (£)72 (JuP(£)) (JiP(£)) e (t)? |§)
1<k#I<N

1/2
( > |HN(t)%vkz<JkR<t>>(JzR(t>>FN(t>%|3) .
1<k#I<N

First, one has

ITn (872 (T P(0) (JiP (1) Fiv (1) %3

= traces, , (Fiv (1) (JiP(£)) (JoP(1) Iy (£) ™ (J P(1)) (P (t)) Fn (£)%)
= traces,, (Fiy (£)* Iy () (i P(1)) (JiP(£)) Fx (t)?)

= traceg y (Iy (£) " (JuP(t))(JLP()) Fx (1)),

(the second equality follows from the fact that J, (P (%)) commutes with IIx (¢) and
Oy (t)7h), so that

S TN ()72 (JP()) (L P(1) Fa (1) 23
1<k#I<N

< traceg (sz(lt)‘1 (JkP(t))(JzP(t))FN(t))

1<k,I<N
= N%traceg , (In () Iy (t)2Fn (1)) = N? traceg , (ILy (t) Fy (1)) .
The inequality above follows from the fact that

traces, (I (t) ™ (JrP(t))*Fn (t))
= traces, , (Fiv ()2 (Jo POy (£) " (JeP(£)) Fx (£)%) > 0.
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On the other hand

S ()2 Vi (JeR () (JiR(1)) Ex (8)% |3
1<k#I<N

= Y trace(Fyn (1) 2 (JR())(JR(E)Vially (1) Via (Je R(£)) (JR(1)) En (1)?)
1<k#I<N

LS [ J(P() Vi (JeR() (JiR(1)) F (£)% |2
1<k#I<N

LS I(P@)WVia(JR(E)) (JR() Fy (1) %12
1<k#I<N

2% Y I PE)Via (kR (JR(E) Fx ()73
1<m#k#I<N

<2 Y V(SR (LR Fy (1?3
1<k#I<N

% Y POV (JkR@) (JR() Fy ()73
1<m#k#I<N

Now, m ¢ {k,l} implies that J,, P(t) commutes with Vj;, JR(t) and J;R(t), so
that
[(Jn P(0) Via (JeR(E)) (JR(0) Ex (1) 23
= [ Vit (JeR(E)) (JR(1)) (Jn P (1)) P (£)* |3
<[ Via (IR LR [ (T P(D) F ()73
= [Vi2R(t) ® R(t)|* traces (S P(£)) Fn (£) (Jm P(1)))
= [Vi2R(t) ® R(t)|* traces y (In (£) Fn (1)) -
Therefore

|traceﬁN(S3Ff\?)|

< 1+ Ntraces, (Iy () P () (2XG2 [Via R(E) @ R [ F (1)1

(55) e uvlzR(t)@R(t)H?tracemmzv(t)FN(t))f
<L |VisR(t) @ R(t)| traces, , (Mn (1) (P(£)) Fif')?
% (20 P (1) 1 +(N-2)traces,, (M (D) (P(£)) Fi)) .
Now
Ts =T (V, My (£)(P(t)eR(t)), Mn (t)(P(t)eR(t)))
~T(V, My (£)(R(t)eP (1)), My (t)(R(t)oP())) = S5 - S5 = -T5 ,
according to Lemma 3] Thus (B8]) implies that
|traces (T3 F3")| <2 VizR(£) @ R(1)| traces, , (M (£) (P(£))Fi')

< (ZFx ()] + 52 traces,, (Mu (D) (P(£) Fi))* .
According to (&)
IVigR(t) ® R(t)| = [Vi2(J1 R(¥)) (J2R(t))| < [ViaJ2 R(E)| < £(2),
so that
(56) |traces, (T5FN")| < 26(t) ((1 - ) traceg , (My (1) (P()FA') + | Fi'l1) -
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In particular
traceﬁN(iiTgF]i\?ﬂ < 20(t) traceg (F]\? ((1 - %)MN(t)(P(t)) + %Iym)) )

Since this last inequality holds for each Fit € L($y) satisfying @), we deduce
from Lemma [7.1] that

(57) +iT5 < 20(t) (1= 2IMNE)(P1) + 5 1oy ) -

8. PROOFS OF PART (2) IN THEOREM [£.1] AND COROLLARY [£.2]
8.1. Proof of part (2) in Theorem [4.3l Applying Lemma 4] shows that
£iC(V,Mn(t) = R(t), Mn(t))(R(t)) = +i(Th + To + T3 + Ty) .
With Lemma 5] this shows that
(£1C(V, My () = R(t), M (£)) (R(1)))" = £iC(V, M (t) - R(t), Mn (1)) (R(t))
and that
£iC(V, My (t) = R(1), M (1)) (R(2)) < 64(t) (M () (P (1) + K Lo -
It remains to bound the function
00ty = V25 [, ) P12 gy -
Since
V =V; + Vo with Vi e FLY(R?) ¢ L®(R?) and V3 € L*(R?)
one has
0 <VZ it ) < 2V x [ (8, ) +2V5 + oo (2, )
VAl oy 19 (8 ) T2 may + 2Val Zo (o) [9(E ) [T e (o -

Minimizing | Vi p~(m3) + | V2| r2(r3) over all possible decompositions of V' = V1 + V3
as above, one has

0< V2 ot ) <AV T (rsy o roy max([1o(t, ) [z gy [ )L (rs))
<AV Lo @ays Lo rey max(v(t, ) |22y, C5 [0t ) 72 (rs))
<dmax(1,Cs)? [V 72ray Lo rey |98 ) [Fr2 may = L(1)*.
8.2. Proof of Corollary In [I6], Pickl considers the functional
an (t) = traceg (Fna (t)P(t))

(see Definition 2.2 and formula (6) in [16]), where F.1(t) is the single-body reduced
density operator deduced from

En(t) =Un)FYUN (),
where Fi' € L($H) satisfies [BI)). Specifically Fy.1(t) is defined by the formula
traceg (F:1(t)A) = traceg , (Fn(t)J1A), for all Ae L($).
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8.2.1. The Gronwall inequality for Pickl’s functional. One deduces from part (2)
in Theorem (4] that

My (B(P) =M (PO) + & [ =iV, Ma(s) = R(5), M () (R(:))ds

SM%‘(P(O)) + % fOtL(s) (MN(s)(P(s)) + %I;m)ds.
This inequality implies that
traceg, (Fa') TMu (8)(P(£))(F) ) < traces,, (Fa) 2 M (P(0)) (Fi) %)

t iny L inyE mn
+% fo L(s) (traceﬁN((FN VEMN(8)(P(s))(FN')2) + % traceg,  (F'y )) ds .
Now, by cyclicity of the trace and Lemma 2.3 in [§] (the raison d’étre of My (t))
iny L+ iny L in
traces v ((Fy')2 M (8)(P(8))(FN')?) = traceq y (Fy' Mn (£)(P(1)))
=traceq (Fna (t)P(t)) = an(t),
so that, by Gronwall’s inequality,

t t
an(t) <an(0) exp(% fo L(s)ds) + % (exp (% fo L(s)ds) - 1) )

For instance, if F§* = [ ) (4™ |®N with ¢ € § and [1)"" |4 = 1, one has
an(0) = traceg , (R(0)®N MY (P(0))) = traces (R(0)P(0)) =0,

an(t) < % (exp(% /OtL(s)ds) - 1) = O(%) .

8.2.2. Pickl’s functional and the trace norm. How the inequality above implies the
mean-field limit is explained by the following lemma, which recaps the results stated
as Lemmas 2.1 and 2.2 in [14], and whose proof is given below for the sake of keeping
the present paper self-contained.

If Fit € L(Hy) satisfies @), for each m = 1,..., N, we denote by Fy.,,(t) the
m-particle reduced density operator deduced from Fy (t) = Uy () Fa'Un (t)*, i.e.

traceg,, (Fnm (1) A1 ® ... ® Ay,) = traceg , (Fn(8)(J1 A1) ... (ImAm))
for all Ay,..., Ay € L(9).

so that

Lemma 8.1. The Pickl functional satisfies the inequality
| Fvem (8) = R(E)®™ |1 < 2¢/2m traces (Fn.1 (t)P(t)), m=1,...,N.

Proof. Call P_ the spectral projection on the direct sums of eigenspaces of the
trace-class operator Fi., (t) — R(t)®™ corresponding to negative eigenvalues. Then
the self-adjoint operator

P-Fnun ()P~ = P-R(t)*"P- = P-Fpum ()P~ = [P-tp(t, )" (P-1b(t,) ™|
must have only negative eigenvalues by definition of P_, and is obviously nonnega-
tive on the orthogonal complement of P_t(¢,-)®™ in the range of P_. By definition
of P_, this orthogonal complement must be {0}. Hence P_ is a rank-one projection,
so that Fn.,(t) — R(t)®™ has only one negative eigenvalue )\g, with all its other
eigenvalues A1, Ao, ... being nonnegative. Since

traceﬁm (FN;m(t) — R(t)®m) = Z )\j + )\0 =0 s

j=1
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one hasﬁ
| Enen (£) = R(E)®™ 1= 3 A5 + Aol = 2ho] =2[ Fnem (t) = R(£)®™|

j=1
2| Fnan(t) = R(£)®™ ]2
Now Fn.n(t) is self-adjoint, and therefore
| Fnvan (1) = R(£)®™ |3 =traces,,, (Fyem () = R(£)®™)?)
=traceg,, (Fnun (1) + R(£)®™)
—traces,, (Fnun (D) R(E)®™ + R(¢)®" Fyum (1))

<2 - 2traceg,, (R(t)®" Fy.m (t)R(t)®™)
=2traceg,, (Fnam (£)(I§™ - R(£)®™)).

Hence

| Fnem (1) = R(E)®™ |1 < 2y/2traces,, (Fyan (£) (18" = R(H)®™))
Since R(t) = |(t,-)){((¢,-)] is a self-adjoint projection
R(t) @ ISV — R(t)®™
= (I&" - Is @ R(H)® ™ D) R(t) @ ISV (1™ - Iy © R(t)®™ V)
< (I8 - Iy ® R(1)®(™ )2 = (I8 - I ® R(1)®(™ V)

so that
traces (F.1(t)R(t)) - traces,, (Fnm (t) R(1)®™)

= traceg,, (Fnm (t) (R(t) ® Ig(m—l) _ R(t)®m))
<traceg,, (Fnam(H)(I§" - 15 ® R(t)®(m~Dy)
=1- traceﬁm—l (FN:m—l(t)R(t)®(m71)) .

Since Fi satisfies (B, the reduced m-particle operator Fi.,,(t) € £($,,) also
satisfies (BI]) (with N replaced by m), and hence

traceg,, (Fnm (£)(I§™ - R(1)®™)) <1 - traces (Fn (1) R(t))
+1 -~ traces,,, (Fnun-1(t)R(£)®"1))
<m(1 - traceg (Fva () R(1)))
=mtracegs (Fn:.1(t)P(t)),

by induction, which implies the inequality in the lemma. 0

With this lemma, the consequence of the Gronwall inequality above implies that,
under the assumptions of Corollary 4.2]

|Fn(6) = RO 3 < Vman () < 1y [T exp (3 [ L(s)ds)

This completes the proof of Corollary 4.2

5This observation is attributed to Seiringer on p. 35 in [18].
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